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SYNOPSIS
Pressure tests have been effected on two full-scale stainless 
steel tanks that incorporate torispherical knuckles. Under internal 
pressure, compressive circumferential membrane stresses develop in 
the toroidal knuckles which can give rise to failure by elastic 
buckling, elastic-plastic buckling, or plastic collapse. Current 
methods for predicting the critical pressure have been examined 
against the test results and recommendations for the design process 
given. Tests conducted under conditions of uniform external pressure 
have given an insight into the initial and post-buckling response of 
imperfect cylindrical shells having elastic end restraints. The 
conservativeness of code recommendations is highlighted and 
suggestions have been forwarded for improving current design 
methods.
A finite element computer analysis has been used to 
investigate the buckling behaviour of stiffened and unstiffened 
cylindrical shells subjected to non-uniform external pressures. 
Cylinder buckling strengths can be significantly improved by elastic 
end restraints, or ring stiffening. In the latter case, simple 
formulae are given to determine the critical stiffener inertia 
required to just mobilise the local instability buckling mode for 
simply-supported and cantilevered cylindrical shells. Expressions 
developed to calculate the positive structural benefits afforded by 
elastic end restraints have been used to obtain accurate predictions 
for the critical external pressure of complex shells, and of 
cylindrical tanks having tapered wall thickness. Implications for 
the design process are discussed.
A general expression has been developed for the critical wind 
velocity that induces collapse by buckling in isolated silos and 
silo groups when subjected to wind action. This formula includes the 
effects of base restraint, imperfection sensitivity and distribution 
of wind pressures, and has resolved apparent contradictions 
appearing in the literature. Design expressions have been proposed 
and are shown to agree with available experimental data.
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Unless otherwise defined in the text the following symbols 
are given the definitions;
Ar cross sectional area of a ring stiffener
As cross sectional area of a meridional stiffener
a0 vector of element nodal displacements
B0 matrix derived from element shape functions
b width of circular arch
C E t
(l-v2)
base restraint parameter
C —  stiffness parameters for an orthotropic cylindrical
shell
°p external pressure coefficient
Spb post-buckling pressure coefficient
% internal pressure coefficient (+ve for vacuum)
cs imperfection sensitivity
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1CHAPTER 1
INTRODUCTION
Shell structures are used extensively in the aerospace 
industry, in the civil engineering environment for the storage of 
grain, liquids and natural materials such as coal, and in 
submersible vessels. Structural problems arising from each distinct 
group are such that extrapolation to other areas is often difficult 
and may be hazardous. In large thin-walled containment structures, 
the development of high strength steels and improved computer 
technology, coupled with the call for more efficient and economical 
structures, has made the task of the designer more difficult. New 
problems associated primarily with structural stability have 
emerged. This is shown clearly in reports by Ravenet [1,2,3] in 
which he concludes,
" Silo design is the most difficult of all subjects in the field 
of civil engineering, as evidenced by the constant deformations, 
fractures and collapses which have appeared worldwide. "
Some of the problems associated with cylindrical metal silos may be 
listed:
(a) Cylinder collapse due to discharge overpressures.
(b) Increased base pressures arising from the formation of arches 
which can lead to hopper tear-out.
(c) Axial buckling under the action of wall friction.
(d) Gross deformations and buckling of the cylinder wall due to 
eccentric discharge.
(e) Damage or collapse due to wind action, particularly on the 
empty structure.
Steel tanks for the storage of liquids, such as torispherical 
pressure vessels used in the brewing industry, have failed during 
service by
(a) Bursting when the tensile strength of the shell material is
2exceeded.
(b) Elastic or elastic-plastic buckling of the knuckle under 
internal pressure.
(c) Plastic collapse on formation of plastic hinges in the 
spherical cap, toroidal knuckle and cylinder.
(d) Buckling of the cylindrical wall under internal vacuum during 
steam cleaning operations, under wind action when completely or 
partially empty, or when unloading a poorly vented tank.
In this thesis, several structural problems are addressed, 
and include the buckling of torispherical pressure vessels under 
internal and external pressure, the influence of boundary conditions 
on the buckling behaviour of externally pressurised cylinders, the 
stability of lightly-stiffened circular cylinders under external 
pressure, and the failure of cylindrical bins under wind action. 
These problems have been investigated through pressure tests 
effected on models and full-scale prototype vessels, and
theoretically with a second order analysis using the method of 
finite elements.
Complex shells assembled from a number of different 
thin-walled shell elements, such as shown in figure 1.1, and 
subjected to lateral pressure, resist the applied loads 
predominantly through membrane action. The membrane stress state is 
disturbed at points of rapid change in curvature, such as the 
knuckle/cylinder intersection, by local bending effects which 
develop within a zone 4.88 \ J Rt/sin^ from the junction. Similar 
behaviour is also encountered in areas subject to rapidly varying 
loads, but for smoothly varying pressures such as given by wind 
action, membrane theory can be used with sufficient accuracy to 
determine membrane stress levels in the structure. The inclusion of 
bending effects in the analysis leads to involved mathematical 
formulations, and solutions are then best obtained from a finite 
element analysis.
In fig. 1.2 an element cut from the surface of an 
axisymmetric shell along two meridians and two parallel circles is 
shown, from which the classical membrane equilibrium equations can 
be determined as [4-7],
3d(roN4S) + r0
d 0
^N0e _ N© de
r0 cos $ + rQ = 0 -d.l)
¿ (V W *  r0 dNe + N<se cos 0 + qe rQ c^ j = 0 -(1.2)
¿0 d©
_ ^ _ + N e - q  = 0 -d.3)
For axisymmetric shells under the action of a uniform lateral 
pressure, equations 1.1-3 reduce to
d(r0N(fl)- N0 r^ cos 0 = 0 -(1.4)
d0
_N0 + N0 = q -d.5)
r0 re
Solving eqn. 1.5 for N0 and substitution into eqn. 1.4 gives
d (rQN^) + r0 cos 0 = q r0 r0 cos 0 -(1.6)
^0
Multiplying eqn. 1.6 by sin 0 and integrating we get
*1
= 1 [CL + I r0 r^ q cos 0 sin 0 d0 ] -(1.7)
r0 sin 0 %
where is an arbitrary constant which is related to the axial
component of any loads that are applied at 0 = 0Q .
Pressure vessels of cylindrical plan form closed with 
torispherical ends, as shown in fig. 1.1, are a commonly used form 
of construction. When these vessels are subjected to a uniform 
internal pressure q, the membrane stresses obtained from eqns. 1.5 
and 1.7 are
4(1) Spherical cap
% = Ne = qRs/2 -(1.8)
(2) Toroidal knuckle
N0 = q ( Rc - r{1-sin 0} ) -(1.9)
2 sin 0
2
Ne = q \ L ~  ( Rc -  r ) I - ( i . i 0 )
L 2 2r sin20 J
(3) Cylinder
NL = 0 q Rc/2 -(1.11)
N© = q Rc -(1.12)
In fig. 1.3 are shown circumferential membrane stresses
predicted by eqns. 1.8, 1.10 and 1.12 for the knuckle of a
full-scale pressure vessel of torispherical form under internal 
pressure. Included in the figure are circumferential membrane 
stresses determined from a finite element analysis incorporating 
shell bending theory. It may be seen that in the spherical cap and 
cylinder the stress state is accurately represented by membrane 
theory. In the knuckle local bending effects, arising from the 
cylinder/knuckle and knuckle/sphere junctions, dominate the stress 
pattern. Consequently, the membrane stress state is not fully 
developed and eqns. 1.8-12 are inappropriate. As the ratio R/t 
becomes larger, the membrane stress state is more fully developed 
due to reductions of the bending wavelength, and stresses approach 
those given by eqns. 1.8-12.
When subject to an internal pressure, membrane theory 
predicts that circumferential stresses in the knuckle become 
compressive when the ratio Rc/r exceeds 2, and when this conditions 
is satisfied, failure by buckling becomes probable. In practice the 
ratio Rc/r is commonly greater than two, making the determination of 
the internal pressure to cause buckling an important design 
consideration. Under external pressure the cylinder and spherical
5
caps develop compressive membrane stresses which can also lead to 
buckling; this condition must be considered in the design process 
for vessels of this type.
In this thesis, experiments are described which have been 
conducted by the author on two full-scale stainless steel 
fermentation tanks which incorporate toroidal knuckles. Each was 
subjected to firstly, internal pressure to investigate buckling in 
the toroidal knuckle, and secondly internal vacuum, to observe the 
buckling characteristics of the cylindrical body. Many experiments 
to investigate both buckling phenomena have been reported in the 
literature, but most have involved the testing of small-scale models 
constructed to high precision. As such, these studies have failed to 
accurately represent real imperfection levels found in prototype 
vessels. The generally close agreement with theory testifies to the 
precision with which the test models were fabricated.
Design guidelines have been developed recently for predicting 
the onset of elastic and elastic-plastic buckling in the knuckle of 
torispherical vessels subjected to internal pressure. The influence 
of different fabricating techniques have been included in the design 
process, but further full-scale testing is required to fully prove 
these recommendations. A full description of internal pressure tests 
effected on two full scale tanks is given in Chapter 2, and results 
have been used to assess current code rules as they apply to
'as-manufactured' vessels.
Buckling loads of complex shells of cylindrical shape
subjected to external pressure are best determined from finite 
element analyses, but as this is not yet a commonly used design 
procedure, simpler prediction techniques are desirable. Currently, 
details given in pressure vessel codes for predicting the critical 
external pressure are based on the transformation of the structure 
into an equivalent simply supported cylinder. For cylinders closed 
by torispherical ends, a crude estimate of the cylinder effective
length is taken to be the centroidal distance between the ends,
which is then used with standard buckling formulae to yield 
moderately conservative buckling predictions. More accurate buckling 
loads can be obtained by re-defining the effective cylinder length, 
and by inclusion of any other end restraints such as skirts which 
can improve the shell's resistance to buckling by as much as 50%. To
6date, positive structural benefits afforded by end restraints have 
been ignored in the development of code guidelines. This matter is 
discussed in Chapter 3 with reference to the experimental results, 
and examined theoretically in Chapter 4.
Details are given in Chapter 4 on the development of finite 
element programs for the stress analysis and linear stability 
analysis of shell structures, which have used the assumption that 
most shells can be accurately represented by an assemblage of flat 
elements with a suitable degree of mesh refinement. The finite 
element incorporated in the programs has been generated by 
superposition of a highly accurate rectangular flat plate bending 
element and a plane stress element with a bi-linear displacement 
field, and then transformed into three dimensions. High accuracy was 
verified in cases where classical solutions were available for 
comparison.
The buckling resistance of cylindrical shell structures 
subjected to external pressure such as created by wind can be 
significantly improved by ring stiffeners. In the presence of light 
stiffening, the entire shell-frame assembly buckles in a failure 
mode known as general or overall shell instability (fig. 1.4a). 
Under uniform pressure, the buckle mode is that of a half sine wave 
in the meridional direction and m sine waves circumferentially. 
Local instability is characterised by the formation of buckles 
between stiffeners (fig. 1.4b) and occurs when the rings are much 
stiffer than the shell plating. In practice, maximum economy is 
achieved when the overall buckling mode is avoided, and data is 
required to enable designers to predict the minimum stiffener size 
required to just mobilise the local instability mode. The finite 
element programs developed in this thesis have been used to 
investigate the buckling behaviour of cylinders reinforced with 
light widely-spaced stiffeners, and results have been compared with 
approximate analyses based on orthotropic shell theory. A simplified 
design rule is also proposed.
To date, general shell buckling formulae have been derived 
for shells of uniform plate thickness, and subjected to uniform 
pressure. In practice, containment vessels are designed with tapered 
wall thickness, to resist the variable loading pressure. Under 
external pressure, these structures can partially buckle when the
7adjacent plates vary markedly in thickness, or can develop an 
overall buckling mode when the axial thickness variation is slight. 
Buckling loads are best obtained using finite element analysis. 
Details are given in Chapter 4 of a simple iterative method that 
uses standard buckling formulae to predict the critical pressure of 
tanks having variable wall thickness.
Failure of silos under wind action has in the last twenty 
years emerged as an important design consideration, following severe 
damage to and/or collapse of several major structures. Failure
normally occurs when the silo is completely or partially empty. 
Several buckles usually develop on the windward face, and are 
located within the zone of positive pressure which extends over an
arc of 60° to 80° for isolated silos, and 90° to 135° for closely
spaced silo groups. In vented silos these angles are further
increased due to the development of internal vacuum. In Chapter 5 is 
given a review of the numerous published reports on the buckling 
characteristics of isolated silos, based on theoretical and 
experimental investigations. Little agreement exists between the 
proposed buckling formulae. Furthermore, limited information is 
available with respect to the buckling of silo groups, and the 
information that exists shows that silo groups are more susceptible 
to wind failure than isolated silos.
In Chapter 5 are given details on the development of a design 
formula for calculating the critical stagnation pressure of isolated 
silos and silo groups. A novel approach has been taken in the 
development of this formula and is based on similarities that exist 
between the buckling characteristics of cylinders under uniform 
external pressure and wind pressures. Apparent contradictions 
between proposed buckling formulae for isolated silos have been 
examined in relation to this new proposal, and agreement has been 
found for all cylinder geometries. Finally, examples are given in 
the chapter to demonstrate the simple design procedures now 
available for estimating the critical stagnation pressure of silo 
installations.
8FIG.1.1 TORISPHERICAL PRESSURE VESSEL
9FIG. 1.2 SHELL ELEMENT
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CHAPTER 2
STABILITY OF PRESSURE VESSELS WITH TORISPHERICAL ENDS 
UNDER INTERNAL PRESSURE
2.1 INTRODUCTION
Research into the stability of pressure vessels having 
ellipsoidal or torispherical end caps was stimulated by the collapse 
of a 45ft diameter x 76ft high fluid coker in Avon, California [1] . 
The bottom head of this vessel was of torispherical form and was 
supported by a cylindrical skirt. Whilst undergoing hydrostatic 
proof testing, a crack propagated around the circumference of the 
torispherical head causing separation of the head from the body. The 
consequent loss of water led to the failure of the cylindrical body 
by buckling under internal vacuum.
From the ensuing investigation, it was evident that changes 
to the then current code recommendations were required. Galletly [2] 
used small deflection elastic stress analysis on the structure and 
discovered that circumferential stresses within the toroid were 
compressive and exceeded the yield stress over a considerable 
portion of the head. The existing code provisions apparently ignored 
the possibility of yielding, and also of buckling under the 
circumferential stresses.
The above collapse prompted Shield and Drucker [3] to 
investigate the plastic collapse of such vessels using a limit 
analysis, this work forms the basis of the new code rules [4]. 
Calladine [5] has since verified the results of [3] using a novel 
formulation of the equilibrium equations. Elastic buckling analyses 
were also carried out [6,7] and were shown to give good agreement 
with model tests [6,8]. Mescall [6] recognised that the phenomenon 
of elastic buckling of the torispherical shells under internal 
pressure was limited to very thin shells whose material has a 
relatively high value of the ratio of yield stress to elastic 
modulus. Further research has shown [9,10] that critical pressures 
based upon a limit analysis are more appropriate for full-scale 
pressure vessels than elastic buckling predictions. The dilemma
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associated with this conclusion is that the limit analysis assumes 
an axisymnetric failure pattern whereas observed failure modes were 
asymmetric.
The mid 1970's saw a period of increased research activity in 
this area, made possible by the development of computer programs 
capable of analysing complex shell problems. Among these were B0S0R5 
written by Bushnell [11], FESIA developed by the Cornell University 
group [12] and CEASEMT developed at the Nuclear Centre at Saclay 
[13]. These programs have since been used extensively to study the 
collapse of torispherical pressure vessels. Coring this period, 
experiments have been conducted on small machined models [14-18] and 
large fabricated stainless steel tanks having diameters up to 2.7m 
[19,20]. Bushnell and Galletly [17] found fair agreement between 
test and theory for the buckling pressure of aluminium specimens, 
but calculated buckling pressures for mild steel specimens were much 
lower than the observed values. These conclusions were reached after 
attempts to simulate real geometric and material properties of the 
test vessels. Finite element studies have generally shown predicted 
failure loads of perfect aluminium and steel tanks to be higher than 
those observed experimentally. Inherent imperfections were shown in 
[18] to induce premature buckling, a fact that required further 
investigation. Using available information, Eszterger [21] gives 
comprehensive details on the development of rational design rules 
for formed pressure vessel heads, and provides a state-of-the-art 
report in the field of pressure vessels having dished ends, for the 
period to 1975.
More recently, experiments have been conducted on large test 
vessels fabricated using welding and forming techniques applied to 
full-scale tanks [20,22-25]. Surveys of thickness and geometry were 
taken prior to testing to evaluate imperfection levels. An 
imperfection of four times the wall thickness led to a 30% reduction 
of the buckling pressure for a near perfect shell [25]. In all the 
tests reported buckling did not lead to immediate catastrophic 
failure; it was concluded that torispherical shells under internal 
pressure had a stable post-buckling response. Ihe maximum pressures 
attained were always well above initial buckling pressures, and 
commonly greater by a factor of two.
Torispherical pressure vessels have been shown to fail by
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either elastic buckling, elastic-plastic buckling or plastic 
collapse. Expressions to determine the onset of these various modes 
have been presented [26-28] and correlated against available test 
data to give a set of rational design guidelines [26,27,29,30]. 
Construction techniques have been shown to influence buckling 
pressures and recommendations for the design process have also been 
included in [26,27]. Since the Avon failure, experimental programs 
have been relied upon heavily in the development of code rules. The 
experimental trend has been towards large test vessels that attempt 
to match imperfections associated with prototype vessels.
Apart from the Avon collapse, little information is available 
regarding pressure vessels which have buckled in service. Stennet
[31] reports on the formation of buckles in two 1.9m diameter tanks 
resulting from a malfunctioning safety valve. Fino and Schneider
[32] give details of an 18.3m diameter carbon steel head that 
buckled along meridional welds in the knuckle during a proof test. 
These buckles were removed by mechanical means and the tank returned 
to service with a circumferential stiffener added to the knuckle.
In this chapter, full details are given of pressure tests 
effected by the author on two fermentation tanks which incorporate 
toroidal knuckles. The test results will be used later to examine 
current design proposals as they apply to full-scale vessels.
2.2 EXPERIMENTAL PROGRAM
Two full-scale pressure vessels which incorporate 
torispherical knuckles have been tested under internal pressure to 
observe their structural response and more importantly, buckling 
characteristics at the knuckles. Both tanks were originally 
commissioned by Tooth and Co. as vertical fermenters having service 
lives of approximately 20 years. They are of welded stainless steel 
construction throughout with the exception of a mild steel skirt 
affixed at the lower knuckle/cylinder junction. The major structural 
elements are spherical end caps, toroidal knuckles and a cylindrical 
body, characteristic of vessels used in the brewing industry. Detail 
drawings of the tanks, A1 and Bl, are given in figures 2.1 and 2.2 
respectively with important dimensions recorded in Table 2.1. The
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ratios, Rc/t and Rs/r, for both tanks are high indicating that 
buckling failure under internal pressure is distinctly possible.
The torispherical ends of tank B1 have been fabricated using 
the traditional crown and segment technique. In this approach 24 
doubly-curved plates of trapezoidal shape ware welded together, 
forming the toroidal knuckle. The spherical cap closed the 
structure. With this technique, significant geometric imperfections 
were built into the knuckle. A modified crown and segment technique, 
as used on tank Al, greatly reduced the level of imperfection by 
reducing the number of meridional welds.
Information about the service history of these vessels was 
limited, but it was known that tank B1 had buckled when a pressure 
relief valve failed during filling. The damaged section was beaten 
into shape and the tank returned to service. Sections of the 
cylinder wall had also been replaced and in these locations, local 
flattening was observed. Careful measurement of these imperfections 
were made. In view of these repairs, test results for tank B1 could 
not be directly applied to 'as-manufactured' vessels, but will
indicate the influence of imperfections on their behaviour. Tank Al 
was free of obvious repair marks, and the level of imperfections 
might be surmised to be representative of this type of vessel.
Since loading of the tanks was to be applied by water
pressure, pipe fittings were required to be firmly attached to the 
structure. Ground clearance for this purpose was created using an 
assemblage of beams and frames as shown in fig 2.3. Rubber pads were 
inserted between the skirt and support frames to overcome 
irregularities in the skirt and floor and thus create a uniform 
stress field around the tank circumference.
Prior to testing, the vessels wsre surveyed to gauge the
nature and magnitude of imperfections, and then instrumented. A full 
desciption of the techniques, survey results and instrumentation are 
given in sections 2.3 and 2.5 for tanks Al and B1 respectively. 
Samples of the wall material were cut from the tanks before and 
after testing. First samples were taken from the cylinder in a
meridional direction. At the conclusion of testing samples were cut 
from the upper knuckle of both tanks in a circumferential direction. 
Tensile test coupons complying to AS1391 Tensile Testing of 
Materials [33], were manufactured and tested in an Instrom TT-KM
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Testing machine.
From the coupon tests, values for Young's modulus, Poisson's 
ratio, 0.2% proof stress and ultimate tensile stress were obtained 
(Table 2.2). In determining values of E and V, past histories of the 
specimens were removed by cycling the load in the plastic zone [34] 
giving values corresponding to the parent material. A typical 
stress-strain curve (fig. 2.4) illustrates the high ductility of 
this material (failure strain = 50%). The ultimate tensile stress is 
approximately twice the 0.2% proof stress with average values of E 
and v being 1.9xl03 (MPa) and 0.28 respectively. Measurements of the 
0.2% proof stress are markedly different for specimens cut from the 
knuckle of tank B1 to all other specimens. Reasons for this 
discrepency are not known due to a lack of information about the 
tank's fabrication. In future calculations the yield stresses will 
be taken as :
(i) Under internal pressure 
significant,
°0.2 “ 310 MPa
°0.2 = 220 MPa
for which knuckle stresses are
( tank A1 )
( tank B1 )
(ii) For external pressure, yielding of the cylinder wall 
becomes important and a 0.2% proof stress of 290 MPa is 
appropriate.
Pressurisation of the tanks was achieved using the pipe 
network shown schematically in figure 2.5. Testing commenced by 
filling the tank with water using the venting valve to remove all 
traces of trapped air. Internal pressure was applied using a small 
capacity reciprocating pump fed by a supply reservoir. Pressure 
readings were taken using two gauges of different sensitivities 
located at a fixed height remote from the tank. Both gauges were 
calibrated prior to testing and showed linearity over their range.
With the above arrangement, internal pressures were 
progressively raised until the buckling pressure had been exceeded. 
The criterion for terminating testing was based on limiting 
permanent damage to the tank, since external pressure tests were to 
follow. Full details of the loading history are given in sections
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2.4 and 2 .6  fo r  tanks A1 and B l, re sp e c t iv e ly .
2.3 EXPERIMENTAL DETAILS : TANK A1
2 .3 .1  Measurements
C ir c u la r ity  o f  the c y lin d r ic a l  body was examined by taking 
rad ia l measurements from a plumb lin e  within the tank. A reading 
accuracy o f  ilmm was obtained with th is  technique. Measurements were 
taken at s ix  cy lin d er heights with a to ta l o f  60 observations per 
c ircu m feren tia l scan. Prior to p lo ttin g  the re su lts , shown in f ig s .  
2 .6 -1 1 , a le a s t  squares method was applied to the data to g ive  
values fo r  mean radius and centre  co r re c t io n s . At a l l  se ctio n s  the 
mean radius was sm aller than the design radius o f  2.438m, and had 
values o f  2.432m on circu m feren tia l weld lin es  and 2.435m mid-way 
between these l in e s . Over the height o f  the cy lin d er  the 
im perfection  pattern  remained con s isten t with maximum d ev ia tion s  o f  
4 to  5 times w all th ickness recorded fo r  section s  A to  E.
In the m eridional d ir e c t io n  a curvature survey was conducted 
to examine p r o f i le s  o f  the sph erica l ends and to ro id a l knuckles. 
Curvatures were obtained using a simple three-legged  d ev ice  which 
recorded height d iffe r e n c e s  mid-way between two fixed  end p o in ts . 
Measurement accuracy was maintained by using several gauges, each 
gauge having a pre-determ ined gauge length suited to a known 
geom etry. In fig u res  2 .12-16 are shown curvature measurements fo r  
f iv e  o f  the e ig h t s tra in  gauged m eridians. The main featu re  o f  these 
measurements is  the s ig n if ic a n t  increase in curvature o f  both 
knuckles above the design va lue. A dditional measurements, obtained 
by p ro je c t in g  knuckle p r o f i le s  onto s t i f f  tem plates, y ie ld ed  a mean 
radius o f  curvature o f  325mm ( 0 .8 r ) ,  and th is  agreed with find ings 
o f  the curvature survey. This reduction  in knuckle radius has 
probably  a risen  from weld shrinkage and/or d iam etrica l d iffe re n ce s  
between the cy lin d er  and ends p r io r  to w elding.
Weld shrinkage has given r is e  to lo c a l  curvature flu ctu a tion s  
which are seen to d is s ip a te  at a d istan ce  o f  2.4 \J Rt beyond the weld 
( f i g s .  2 .1 2 -1 6 ). Sim ilar observations were recorded fo r  a l l  
m eridional w elds. Under in ternal pressure, c ircu m feren tia l
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compression is developed within the knuckles and buckles of small 
wavelength are developed, and have similar form to the welding 
imperfections. Five sections of the upper knuckle were measured to 
determine the nature of these imperfections. Circumferential 
profiles were traced onto stiff templates over a chord length of 
0.6m, and applying a least squares method, the radii of best fit 
were 2.419m, 1.948m, 1.919m, 2.742m and 2.450m with maximum
deviations of limn. Results show that the imperfections are 
primarily of long wavelength with local deviations of amplitude t/4 
occurring at weld lines.
Variations in plate thickness were measured using a 
Krautkramer DM2 Ultra-Sonic wall thickness meter having an accuracy 
of 0.1mm. In figure 2.17 are shown meridional thickness variations, 
values plotted representing minima obtained over a circumferential 
scan excluding areas within 10mm of weld lines. Evidence is found of 
grinding of excess weld material and this has led to slight local 
thickness reductions. The effect is believed not to significantly 
influence the vessels behaviour
2.3.2 Instrumentation
Under conditions of internal pressure, high circumferential 
compressions develop in the toroidal knuckles (fig. 2.18), having 
maximum value near the knuckle centre. On the other hand, when the 
vessel is subsequently subjected to external pressure, compressive 
membrane stresses are developed in the spherical ends and cylinder 
wall. Buckling failure occurs when these compressive stresses, 
enhanced by imperfections, exceed a critical value.
A total of 82 strain gauge rosettes were attached, in pairs, 
to the interior and exterior surfaces of the tank, and were 
positioned in areas of the tank considered as possible sites for 
buckle development. The 198° meridian was gauged extensively, having 
a high concentration in the toroidal knuckle, with additional gauges 
distributed around the tank as detailed in figure 2.19.
Strain gauges (HBM type 6/120 RY11, temperature compensated, 
6mm gauge length) were affixed to the stainless steel plate using 
HBM Rapid Adhesive X60. Placement of the rosette arms in alignment
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with the known principal directions ensured maximum accuracy of 
measurement and eliminated the need for connecting the diagonal arm. 
Compensating gauges positioned internally and externally were used 
to record temperature variations during testing. As the first 
pressurisation medium was water, all internal gauges were carefully 
waterproofed using HBM Covering Putty AK22 with an additional 
waterproofing layer of HBM Protective Compound ABM75. The lead wires 
from these gauges were brought out through a flange mounted on the 
inspection port (fig. 2.1a).
Deformations of the tank ware recorded using 18 linear 
displacement transducers. A total of 13 transducers were positioned 
on the 164° meridian with an additional five spanning the 
circumferential direction, as shown in figure 2.20. These 
transducers should enable buckle formation to be monitored during 
the external pressure test. Dial gauges located at 9 = 20°, 110°, 
200° and 290° were used to record rigid-body displacements of the 
tank; these readings were taken at the base of the skirt.
Readings from the strain gauges, transducers and temperature 
compensating gauges were recorded on a HP 3054A Automatic Data 
Acquisition/Control system, using a total of 188 strain gauge and 18 
transducer channels. The data was recorded on punched tape for 
processing by a Prime 400 minicomputer.
2.4 INTERNAL PRESSURE TESTS : TANK Al
Strain gauge and transducer readings ware taken before and 
after filling with water and repeated over a 24 hour period to test 
the stability of the strain gauge system. With the tank full of 
water, the gauge pressure reading, p , was 38 kPa. Pressures at the 
centre of the upper knuckle can be evaluated from the hydrostatic 
equation,
Pu = Pg - 29.2 (kPa) 
and for the lower knuckle,
-(2.1)
Pi = Pg + 0-7 (kPa) -(2.2)
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Internal pressures were progressively increased and for each 
increment, gauges within the knuckle showing maximum strains were 
monitored to seek any creep effects; complete sets of readings were 
taken only when these had become negligible. The complete loading 
history for the internal pressure testing of tank A1 is given in 
figure 2.21.
Measured strains in the upper knuckle, taken on the 66°, 160° 
and 198° meridians are plotted in figures 2.22-24 respectively. To 
highlight the high strains that exist in the knuckle, strains 
measured elsewhere in the structure, in the cylinder wall and 
spherical end, are shown in figure 2.25. The main features are :
(i) In the knuckle, tensile meridional membrane strains are 
developed having a value of approximately one half of the 
measured compressive circumferential membrane strains. These 
strains increased linearly up to a gauge pressure of 115 kPa. 
Beyond this value non-linear behaviour was observed, as surface 
strain combinations exceeded the 0.2% proof strain. Meridional 
bending strains were pronounced throughout loading, and became 
more prominent once yielding of surface fibres had occurred. 
Circumferential bending strains were approximately Poisson's 
ratio times the meridional bending strains. At meridians 9 = 66° 
and 160° , they became increasingly non-linear as the gauge 
pressure approached the critical value.
(ii) Strains in the spherical ends and cylinder wall were 
tensile and much smaller than those measured at the knuckle 
centre. Bending strains were relatively small and were related 
to local imperfections.
Using elasticity theory, strains were transformed into 
stresses for comparison with linear theory. Theoretical stress 
distributions have been determined using an axisymmetric shell 
analysis [35] with the tank represented by the design and measured 
geometry. Parameters used in the latter case are given in Table 2.3.
Measured meridional membrane stresses (fig. 2.26a) show poor 
agreement with theory, a discrepency associated with initial 
imperfections. The magnitude of this discrepency is however small
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when compared with the circumferential membrane stresses (fig. 
2.26b): these stresses show excellent agreement with predicted
values when the stress amplification arising from initial 
imperfections is taken into account. This is clearly shown in 
figures 2.27 and 2.28, where stress in the upper and lower knuckles 
have been plotted against load. In both cases, the stresses 
predicted by analysis based on measured geometry are close to the 
experimental values, while those computed from the ideal design 
shape are significantly in error and unconservative.
Computer solutions show that bending stresses in the knuckles 
fluctuate rapidly, but in spite of this, good agreement with 
experimental values has been obtained (fig. 2.29). Some doubt exists 
regarding the bending maxima since junctions were modelled on the 
computer as points of discontinuity: in practice these points have a 
smoother transition and the peaks are thereby reduced.
Measured displacements of a meridian have been plotted in 
figure 2.30 for gauge pressures of 105, 165 and 200.5 kPa. Under 
internal pressure the knuckle profile undergoes considerable 
distortion as it moves inwards whilst the spherical end
predominately moves as a rigid body and the cylinder wall remains 
almost undeformed. Displacements increase linearly with pressures up 
to 110 kPa (fig. 2.31), beyond which non-linear behaviour occurs as 
discussed previously. Histories of two gauges have been graphed for 
the cylinder wall with observed differences arising from
amplification of initial imperfections.
During the pressure increment from 205 to 210 kPa, a buckle 
formed adjacent to the 246° meridian as shown in figures 2.31 and 
2.32. Buckle formation was accompanied by a pressure drop from 210 
to 187 kPa, with vibration of the tank walls creating a low pitched 
rumbling sound. These vibrations, occurring over a period of 5 to 10 
seconds, are a measure of the speed of buckle development. In the 
presence of this buckle a reduced pressure of 187 kPa was 
maintained, characteristic of a stable post-buckling state (fig. 
2.21). Close monitoring of pressures, strains and displacements gave 
no advance indication of imminent buckling failure. The eventual 
buckle was approximately 700mm long, 40mm deep and 250nm wide, 
representing a wavenumber of about 60.
Testing under internal pressure was terminated after the
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formation of this single buckle as the development of further 
buckles in the knuckle would be detrimental to the external pressure 
test to follow.
2.5 EXPERIMENTAL DETAILS : TANK B1
2.5.1 Measurements
Using techniques described in section 2.3, the circularity of 
the cylindrical body was studied. A total of 64 observations were 
taken around the circumference at four cylinder heights. The data 
was analysed using a least squares method to calculate the mean 
radius and centre corrections. The adjusted data is plotted in 
figures 2.33-36. Mean radii were within 1% of the design value of 
2.235m except at the knuckle/cyUnder intersection where the radius 
had the lower value of 2.229m. The imperfection pattern was similar 
at all sections examined, the peak imperfection having a value of 
6.8 times the wall thickness.
In the meridional direction a curvature survey was conducted 
at 9 = 0°, 90°, 180° and 270° using techniques descibed in section 
2.3; results are presented in figures 2.37-40. Fabrication processes 
have caused a reduction in knuckle radii, giving an average value of 
350mn, or 0.85 times the nominal value.
Local imperfections in the knuckle were examined by 
projecting circumferential profiles onto a template of chord length 
1.4m. Five sections were considered overall and a circle of best fit 
was determined for each location; deviations from this value were 
taken to represent local imperfections. Local radii were all less 
than the nominal value with maximum imperfections of two times the 
wall thickness recorded (figs. 2.41,2.42). The imperfection pattern 
is sinusoidal in shape, having a wavenumber of 24, which mirrors the 
24 meridional welds used in forming the knuckle. Research has shown 
[36] that the imperfection sensitivity of shell structures is 
predominately influenced by imperfections in the shape of the 
preferred mode. Under internal pressure, buckles having wavenumbers 
of 60 to 100 are formed which indicates that buckling is primarily 
affected by local rather than global imperfections. The knuckle of
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tank B1 is seen to be highly irregular (fig s . 2.41,2.42), whereas 
the knuckle o f tank A1 is  much smoother having maximun deviations o f 
-1mm from the loca l rad ii. Structurally, fabrication techniques used 
to form the knuckle o f tank A1 are considered to be superior to the 
more traditional crown and segment technique. More data is required 
to verify  this observation.
Wall thickness measurements were taken along meridians at 9 = 
0°, 90°, 180° and 270°. These showed a reduction o f about 10% within 
the knuckle region; the fu ll history is  plotted in figure 2.43. 
Further thinning in areas adjacent to weld lines, associated with 
grinding processes, was observed but is  believed to be too localised 
to s ign ifican tly  a ffe c t  structural behaviour.
2.5.2 Instrumentation
In itia l calculations indicated that thickness variations 
between the upper and lower knuckles v^re su fficien t to develop 
buckles in the upper knuckle well before buckling occurred in the 
lower knuckle. Consequently, a total o f 80 strain gauge rosettes 
were attached, in pairs, to the internal and external surfaces of 
the tank. Gauges were located predominately along the 90° and 180° 
meridians with a high concentration at the upper knuckle, as shown 
in f ig . 2.44. These meridians were observed to be relatively  free 
from local imperfections, whereas other gauges placed on the 0° and 
270° meridians represented areas containing large imperfections and 
the 112° meridian was adjacent to a weld lin e . As this tank was the 
f ir s t  to be tested, i t  was considered important to observe the 
general behaviour o f this class of vessel, as anticipated for
meridians 9 = 90° and 180°. The influence o f imperfections on the 
general behaviour could then be observed from the other gauged
meridians.
The strain gauge type, installation  techniques and recording 
medium are identical to those on tank A1 (section 2 .3 .2 ).
Deformations o f the tank were recorded using twenty linear
displacement transducers, positioned as shown in fig . 2.45. Dial 
gauges located at 9 = 70°, 160°, 250° and 340° were used to observe 
rigid  body displacements o f the entire tank.
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2.6 INTERNAL PRESSURE TESTS : TANK Bl
Strain gauge and transducer readings were taken before and 
after filling with water, and this indicated the stability of the 
strain gauge system. With the tank full of water, the gauge 
pressure, p , was 34 kPa. Pressures at the centre of the upper 
knuckle are given by
Pu = Pg - 25.5 (kPa) -(2.3)
and for the lower knuckle,
Pi = Pg - 1.9 (kPa) -(2.4)
Test procedures are identical to those described in section 
2.4, with a complete load history for the internal pressure testing 
of tank Bl given in figure 2.46. Figures 2.47 to 2.49 show the 
measured strains in the upper knuckle at 9 = 90°, 112° and 180°. To
highlight the high strains that exist in the knuckle, strains
measured elsewhere in the structure, in the cylinder wall and 
spherical end are plotted in fig. 2.50. These diagrams show that:
(i) Tensile meridional strains are developed throughout the
tank, being much greater in the knuckle than elsewhere.
Circumferential membrane strains are tensile in the cylinder 
wall and spherical end, becoming compressive in the knuckle and 
have a magnitude of twice the meridional membrane strains at the 
knuckle centre.
(ii) Measured strains increased linearly with pressure up to 92 
kPa.
(iii) In the knuckle, meridional bending strains occured always; 
circumferential bending strains were vastly different, as shown 
in figures 2.48 and 2.49.
The elastic stress distribution, derived from measured 
strains, has been plotted in figs. 2.51 and 2.52 for a gauge
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pressure o f 64 kPa and compared against fin ite  element predictions 
for the design and measured geometries. Reasonable agreement exists 
between theory and experiment for meridional and circumferential 
membrane stresses, o f which the latter is observed to be strongly 
affected by the in it ia l imperfections. Here, mid-knuckle 
circumferential stresses have been amplified by 50% in response to a 
reduced knuckle radius. In the knuckle, the natural rapid variation 
o f bending stresses has been upset by in it ia l imperfections giving 
l i t t l e  agreement between theory and experiment, as observed in fig . 
2.52.
A buckle appeared when the gauge pressure reached 92 kPa 
(f ig . 2.53a). At this pressure level the two phenomena of yielding 
and buckling were co-incident. Once the system had stabilised and 
creep e ffe cts  were neg lig ib le , pressures were increased further and 
additional buckles appeared (f ig . 2.53b). The development o f these 
buckles was sudden, s ilen t and was accompanied by pressure 
reductions o f 2 kPa. During this period of testing, some pressure 
increments were d i f f ic u l t  to sustain and on examination o f the lower 
knuckle, additional buckles were revealed. These buckles, a ll 
located on weld lin es , were a mixture o f inward wrinkles and outward 
bulges ( f ig . 2 .54). Their size varied at each location , having 
average dimensions o f 300mm length, 125mm wide and 12mm deep. 
Pressure reductions arising from these buckles were at times 
imperceptible because o f their small size and gradual development, 
an observation that has also been reported in [23,24]. At the 
conclusion o f the third day o f testing in which internal pressures 
were increased from 92 kPa to 99.5 kPa a total of 15 buckles had 
formed; five  in the upper knuckle and 10 in the lower knuckle.
Buckles in the upper knuckle were a ll inward (f ig . 2.53) and 
four o f these developed on or adjacent to meridional welds. The 
existence o f  a buckle distant from weld lines indicates that welding 
imperfections are not the only cause o f premature buckling. The 
location o f  two buckles is  shown in figures 2.41 and 2.42 to be 
where loca l imperfections o f a similar type ex ist.
Under internal pressure the spherical end moved as a rigid 
body, the cylinder wall bulged outward and the knuckle radii 
increased as i t  moved inward (f ig . 2.55). The pressure-displacement 
relationship at the knuckle centre (f ig . 2.56) was linear for
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pressures below 92 kPa, becoming increasingly non-linear as the 
region of plasticity spread. At the spherical end this relationship 
was also linear to 92 kPa, as shown in fig. 2.56, but became stepped 
as further buckles developed. The passive nature of this type of 
failure is illustrated clearly in the figure. However, catastrophic 
collapse can occur when the ultimate tensile stress of the material 
is exceeded. Testing was stopped before this possibility was 
realised, to preserve the tank for the external pressure tests.
2.7 COMPARISON WITH THEORY
In the literature, the behaviour of the class of vessel above 
under internal pressure has been studied at three levels: firstly, 
with the relatively simple methods available for the determination 
of first yield and elastic buckling [28]; secondly, elastic-plastic 
buckling [8,18,25,27,30,38]; and thirdly plastic collapse 
[3,5,9,27]. In the development of these methods it has been assumed 
that the shell is of uniform thickness and acted upon by a uniform 
internal pressure. In practice these conditions are often not 
satisfied, as is the case here, and approximations are required to 
cater for variable thickness and pressure. Plate thicknesses are 
taken to be the average thickness of the toroidal knuckle. The 
circumferential thrust vhich the knuckle is required to support 
derives from the meridional tension in the spherical end [39] . 
Equating tensions developed under uniform and hydrostatic pressures, 
experimental failure pressures pe for the lower knuckle of tanks A1 
and B1 can be determined from
Pe = Pg + 3.0 (kPa) -(2.5)
Expressions for the upper knuckles are,
Pe = Pg - 34.0 (kPa) -(2.6)
for tank Al, and
Pe = Pg - 30.5 (kPa) -(2.7)
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for tank Bl, where pg is the gauge pressure.
2.7.1 Elastic-Plastic Buckling
For the majority of torispherical pressure vessels it is 
stated [27] that the governing failure modes are elastic-plastic 
buckling or plastic collapse. Following an extensive theoretical 
analysis using the computer program B0S0R5, Galletly [27] developed 
an expression to predict elastic-plastic buckling pressures, pov, of 
perfect tori spheres, given as
0.84
Pgy = 285 (1 - 125 C^/E) (r/D) -(2.8)
<^P (D/t)1’53 (Rg/D)1-1
where GJ^ is taken as the 0.2% proof stress. A simpler expression 
has been proposed in the form [26]:
-1.5
Pgy = 260 (r/Rg) (D/t) -(2.9)
which yields buckling pressures within ±20% of the more accurate 
solutions. Using this expression in connection with numerous 
experimental results a design procedure has been proposed in 
[26,27]. Imperfections arising from fabrication processes have been 
included and for crown and segment heads it is assumed that:
(a) For strain hardening materials the yield stress, G^p, is the 
minimum specified 0.2% yield stress
(b) The relevant thickness is the nominal thickness
(c) Any out-of-circularity caused by welding the petals may be 
neglected along with any residual welding or forming stresses
(d) The value of pgy obtained using equation 2.9 and the 
foregoing assumptions, is divided by 2.25 to yield the design 
pressure.
Adopting these recommendations the design pressure, pg(^ , 
be calculated from
can
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-1.5
Pgd = 115 (r/Rg) (D/t) -(2.10)
The French Pressure Vessel code [37] gives an alternate 
design rule in the form
1.493 0.791 -1.09
Pa = 105.9 (t/D) (r/D) (Rs/D) -(2.11)
Both the above design methods are reported to give a safety 
index exceeding 1.5. Several other expressions are given in the 
literature [18,24,38] but equations 2.10 and 2.11 represent the 
current state-of-the-art. In comparing experimental buckling 
pressures p0 , with the predictions of equations 2.8, 2.10 and 2.11, 
both the design and measured geometries have been considered. 
Results are presented in Tables 2.5 and 2.6 for tanks A1 and B1 
respectively. From this table it may be seen that:
(a) Buckling pressures evaluated for the measured geometry are 
approximately 14% lower than those evaluated from the design 
geometry. Despite this reduction, predicted buckling pressures 
p were higher than the experimental values p„ although 
reasonable agreement was obtained from tank Al.
(b) Factors of safety, defined by experimental collapse pressure 
divided by design pressure, given by Galletly's proposal [26,27] 
were 2.0 and 1.4 for tank's Al and B1 respectively. These 
factors rise to 2.3 and 1.7 if the measured geometry is used. In 
contrast, the French code recommendations fall below their 
implied safety index of 1.5, giving values of 1.2 for tank Al 
and 0.9 for tank Bl. As suggested in [26], tests Al and B1 
confirm that a re-assessment of this design procedure is 
required to assure a factor of safety exceeding 1.5.
2.7.2 Plastic Collapse
Large axisymmetric deformations are characteristic of this 
failure mode. Plastic collapse has been rather arbitrarily defined 
[40] as the internal pressure required to double the first yield
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deflection. The reference point is usually taken as the crown of the 
torisphere. Numerous solutions have been published to determine 
plastic collapse pressures, all derived on the assumption of uniform 
internal pressure and wall thickness. For comparison with test data, 
experimental collapse pressures have been determined from equations 
2.5-7.
Shield and Drucker [3] have used a limit analysis, in which 
failure is said to occur on formation of three plastic hinges, to 
give an expression for the plastic collapse pressure of vessels 
satisfying D/t less than 500. CXitside this range, extrapolation of 
graphs presented in [3] is required to obtain a reasonable 
approximation for the collapse pressure, psd. Calladine [5] using a 
lower bound limit analysis with a novel formulation of the 
equilibrium equations obtained an equation to calculate limit 
pressures of the form (modified)
cc
°yp
= 2t 
(Rs-r) sin o<
-(2.12)
where cx is the included knuckle angle
A more recent investigation [40] utilising the computer 
program B0S0R5 and curve fitting techniques has produced a simple 
approximation for the plastic collapse pressure as
1.04
= 12.6 (1+240 O^p/E) (r/D)
(D/t)1*09 (Rg/D)1*1
-(2.13)
Collapse pressure predictions based on these methods are 
given in Table 2.7. Fran this table it may be seen that:
(a) Limit analysis predictions give reasonable agreement with 
the experimental results, the latter evaluated using the 
definition given in [40]. Pressures calculated from large 
deflection shell theory over-estimated this value by 60%, 
falling to 40% if the measured geometry is considered.
(b) Galletly's failure predictions (equations 2.8, 2.13)
indicate that plastic collapse and elastic-plastic buckling will 
occur almost simultaneously; the latter mode dominated tests A1
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and B1 a t  p re ssu re s  le s s  than 0.8 p .
(c) Tank A1 c le a r ly  f a i le d  by p l a s t ic  co llap se  p r io r  to  buckling 
on th e  c r i t e r i o n  th a t  th e  f i r s t  y ie ld  d e f le c tio n  i s  doubled. The 
v a l id i ty  o f th e  p l a s t i c  c o lla p se  d e f in i t io n  is  questionab le  as a 
d i s t i n c t  change in  v e sse l behaviour, in d ic a tiv e  of f a i lu r e ,  only 
happened upon buckling  and not when the f i r s t  y ie ld  d e f le c tio n  
had doubled .
(d) Code r u le s ,  as given in AS1210-1982 [4], have been derived 
fo r geom etries s a t is fy in g  D /t ^ 500 and as such, g ive 
uncon serva tive  p re d ic tio n s  ^hen used ou tsid e  these bounds. 
R evision o f code ru le s  a re  requ ired  to  include v esse l geom etries 
s im ila r  to  th a t  o f th e  two t e s t  v e s s e ls .
2 .7 .3  F i r s t  Y ield
Comparison of r e s u l t s  obtained from sm a ll-d e flec tio n  and
la rg e  d e f le c t io n  th eo ry  o f th in  s h e l ls  has shown th a t  the former
p re d ic ts  f i r s t  y ie ld  sooner than the l a t t e r  theory  [28]; and a lso
sooner than  observed in  experim ent. R ecently , Gould e t . a l .  [41] have
shown th a t  e l a s t i c  a n a ly s is  i s  adequate fo r the de term ination  of
p re -bu ck ling  s t r e s s e s ,  and th i s  is  supported by the  experim ental
r e s u l t s  fo r tanks A1 and B1 ( f i g s .2 .2 5 ,2 .5 1 ). In Table 2.8 p ressu res
to  cause y ie ld  o f th e  upper knuckle a re  g iven : p^a c a lcu la ted  using
sm all d e f le c t io n  th eo ry  and the Von Mises y ie ld  c r i te r io n  [35], pyg
from a g ra p h ic a l procedure based on a la rg e  d e f le c tio n  a n a ly s is
[28]; and (pv ) ov_ ob ta ined  from te s t s  A1 and B l. The b e s t agreement
e x is t s  in  tank  Bl fo r  which p = 69 kPa and (pv)PYn= 62 kPa.yy y
Experim ental y ie ld  p re ssu re s  a re  g e n e ra lly  lower than 
c a lc u la te d , excep t when geom etrica l im perfections a re  considered: 
These c re a te  s lope  d is c o n t in u i t ie s  a t  ju n c tio n s  and give r i s e  to  
high lo c a l bending s t r e s s e s  and prem ature y ie ld in g . These r e s u l ts  
suggest th a t  th e  in c lu s io n  o f the  e f f e c t  o f im perfections in  the 
la rg e  d isp lacem en t th eo ry  i s  necessary  fo r accu ra te  p re d ic tio n s  of 
the p re ssu re  to  cause f i r s t  y ie ld  and p l a s t ic  c o lla p se .
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2.8 CONCLUSION
The response of two full-scale pressure vessels, which 
incorporate torispherical knuckles, to the effect of internal 
pressure has been recorded and discussed.
Before testing, measurements to evaluate imperfection levels 
were taken which revealed an 80% reduction in knuckle radius from 
the nominal value. In tank Al, fabrication of the end caps using a 
'modified' crown and segment technique produced a more regular 
circumferential profile than was achieved using traditional methods, 
as observed on tank Bl. For Bl, imperfections were sinusoidal in 
shape, having a wavenumber of 24, which mirrors the 24 meridional 
welds used in forming the toroid. These imperfections give rise to 
increased compressive circumferential membrane stresses within the 
knuckle, as observed in both tests and finite element analysis. 
Stress amplification was shown to be higher in the knuckle of tank 
Bl than in the more regular knuckle of tank Al. Consequently, 
pressures to cause first yield were lower than the calculated 
values.
Initial damage to both tanks was governed by elastic-plastic 
buckling of the knuckle. Buckle development in tank Al occurred 
suddenly and was accompanied by an 11% fall in internal pressure, 
whereas failure of the more imperfect tank Bl was gradual with only 
small pressure losses at buckling. Stable post-buckling response was 
recorded in both vessels. Tank Bl developed 15 buckles in the upper 
and lower knuckles following a 10% pressure increase above the 
initial buckling pressure. In tank Al, only a single buckle formed.
Comparison of experimental observations and several 
theoretical predictions have shown the latter to generally 
over-estimate structural behaviour for the geometry and imperfection 
level of these tanks. These vessels can fail by elastic buckling, 
elastic-plastic buckling, plastic collapse or bursting. In steel 
shells, elastic buckling occurs when D/t is large (ie:2000) and the 
material has a high yield point (C^p/E=0.003), a combination rare in 
practice. Bursting failure occurs when the tensile strength is 
exceeded and is the ultimate failure mode; the difference between 
collapse pressure and burst pressure is the margin against 
catastrophic failure. In both tests, elastic-plastic buckling and
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plastic collapse were observed and at the conclusion of testing the 
tanks were still capable of maintaining an internal pressure. The 
bursting pressure was not applied because the tanks were to be 
tested under external pressure.
Predictions based on finite element studies gave observed 
safety factors of 2.0 and 1.4 in tanks A1 and B1 respectively. 
Predictions of the French Pressure Vessel code fell below the 
desired safety index of 1.5, as the factors were only 1.2 and 0.9 
respectively. A re-assessment of both design procedures is required 
to assure a factor of safety exceeding 1.5.
Using an arbitrary definition for plastic collapse, Tank A1 
failed by plastic collapse prior to buckling. This raises questions 
about the validity of the plastic collapse definition since little 
change in behaviour was observed until buckling occurred. Finite 
element predictions for the plastic collapse pressures 
over-estimated the experimental value by 60%. Calladine's 
predictions, derived on the basis of an axisyrrmetric failure mode, 
were in close agreement with the experiments despite the asymmetry 
of the experimental buckling pattern.
Experimental results show that current design guidelines need 
to be revised to maintain a safety index greater than 1.5. Geometric 
imperfections arising from fabricating processes have been found to 
significantly influence the vessel's response to internal pressure. 
In future research, the effect of imperfections must be included so 
as to develop more rational design guidelines. Finally, the scope of 
current code rules must be extended to cover geometries similar to 
the two test vessels.
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QUANTITY SYMBOL MAGNITUDE
TANK Al TANK B1
cylinder radius Rc 2.438 m 2.235 m( inside )
spherical cap radius Rs 3.810 m 3.353 m
( inside )
knuckle radius r 0.406 m 0.406 m
( inside )
cap height H 1.086 m 1.041 m
cylinder height L 2.419 m 2.057 m
plate thickness: t
(a) upper spherical cap 3.18 mm 2.64 mm
(b) upper knuckle 3.97 mm 2.64 mm
(c) cylinder 2.64 mm 2.64 mm
(d) lower knuckle 4.76 mm 3.54 mm
(e) lower spherical cap 3.97 mm 3.54 mm
TABLE 2.1: GEOMETRIC PROPERTIES OF TEST VESSELS
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SPECIMEN THICKNESS
rrm
WIDTH
rrm
0~0-2
(MPa) O’U.T.S (MPa)
E
(MPa)
\>
TANK A1
A1 3.97 18.10 310 569 2.0E5 _
A2 3.93 18.01 338 575 - -
B1 3.93 19.42 293 573 - -
B2 3.89 19.54 350 - 1.9E5 0.27
Cl 3.90 19.50 334 575 - -
C2 3.89 19.27 NOT TESTED
Dl 3.92 19.32 309 571 - -
D2 3.89 19.56 337 578 1.8E5 -
X5 2.71 20.00 291 - - -
X6 2.70 20.00 288 — 1.9E5 0.30
TANK B1
El 2.67 19.52 261 607
E2 2.64 19.34 240 595 1.8E5 -
FI 2.64 19.46 235 597 - -
F2 2.64 19.42 262 - 1.9E5 0.30
G1 2.51 19.37 213 581 - -
G2 2.66 19.30 NOT TESTED
HI 2.65 19.46 213 592 1.8E5 -
H2 2.58 19.50 210 571 - -
XI 2.65 20.10 285 584 - -
X3 2.66 20.00 300 - 2.0E5 0.28
X4 2.65 20.05 290 579 — —
NOTE: SPECIMENS A-H REMOVED FROM UPPER KNUCKLE 
SPECIMENS X REMOVED FROM CYLINDER WALL
TABLE 2.2 : MATERIAL PROPERTIES
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r = 0.325 m
Rs = 3.565 m
Rc = 2.433 m
tj^ = 4.0 nin
= 4.7 mm
upper knuckle 
lower knuckle
ts = 3.2 mm 
= 4.1 mm
upper spherical cap 
lower spherical cap
tc = 2.6 mm cylinder
TABLE 2.3: MEASURED GEOMETRY - TANK Al
r 0.350 m
Rs = 3.216 m
Rc = 2.234 m
= 2.5 mm upper knuckle
= 3.5 mm lower knuckle
fcs = 2.6 mm upper spherical cap
= 3.5 mm lower spherical cap
fcc = 2.6 mm cylinder
TABLE 2.4 MEASURED GEOMETRY - TANK B1
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LOCATION BUCKLING PRESSURE (kPa)
pgy pgd pa Pe
Upper knuckle
(i) Design geometry 217 88 149 176
(i i) measured geometry 196 77 134 176
Lower knuckle
(i) Design geometry 286 117 195 >213
(ii) measured geometry 251 98 171 >213
TABLE 2.5: ELASTIC-PLASTIC BUCKLING PRESSURES - TANK Al
LOCATION BUCKLING PRESSURE (kPa)
Pgy Pgd Pa Pe
Upper knuckle
(i) Design geometry 113 44 72 62
(i i) Measured geometry 96 36 62 62
Lower knuckle
(i) Design geometry 178 68 112 95
TABLE 2.6: ELASTIC-PLASTIC BUCKLING PRESSURES - TANK B1
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UPPER KNUCKLE PLASTIC COLLAPSE PRESSURE (kPa)
psd pcg pcc AS1210 (pc)exp
Tank A1
(i) Design geometry 156 228 179 198 142
(i i) Measured geometry 139 197 164 213 142
Tank B1
(i) Design geometry 84 120 97 147 70
(i i) Measured geometry 77 106 90 148 70
TABLE 2.7: PLASTIC COLLAPSE PREDICTIONS
UPPER KNUCKLE YIELD PRESSURE (kPa)
pya pyg (py)exp
Tank A1
(i) Design geometry 123 152 81
(i i) Measured geometry 78 116 81
Tank B1
(i) Design geometry 76 81 62
(i i) Measured geometry 45 69 62
TABLE 2.8: PREDICTED YIELD PRESSURES
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FIG.2.1a ELEVATION OF VERTICAL FERMENTER - TANK A1
FIG.2.1b PLAN OF VERTICAL FERMENTER - TANK A1
40
DISHED END DETAIL
SUPPORT SKIRT
FIG.2.1c DETAILS OF SKIRT AND DISHED ENDS-TANK A1
4-
H
O
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FIG. 2.2g ELEVATION OF VERTICAL FERMENTER - TANK B1
42
FIG.2.2b PLAN OF VERTICAL FERMENTER - TANK B1
43
DISHED END DETAIL
FIG. 2.2c DETAILS OF SKIRT AND DISHED ENDS-TANK B1
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FIG.2.3b TANK B1 PRIOR TO TESTING
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FIG.2.6 CIRCUMFERENTIAL PROFILE OF TANK A1: SECTION A
48
FIG.2.7 CIRCUMFERENTIAL PROFILE OF TANK A1: SECTION B
49
FIG.2.8 CIRCUMFERENTIAL PROFILE OF TANK A1: SECTION C
50
FIG.2.9 CIRCUMFERENTIAL PROFILE OF TANK A1: SECTION D
51
FIG.2.10 CIRCUMFERENTIAL PROFILE OF TANK A1: SECTION E
52
FIG.2.11 CIRCUMFERENTIAL PROFILE OF TANK A1: SECTION F
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note: meridional angle as defined in fig.2.6
FIG. 2.19 STRAIN GAUGE LAYOUT ON TANK A1
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i
FIG. 2.20 LAYOUT OF DISPLACEMENT TRANSDUCERS ON
TANK A1
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(a) Meridional Membrane Stress
200
100
-100
-2 00
-300
Gauge Pressure 
115kPa
o
Symbol Meridian
V 18°
<0 42°
■ 66°
+
oC
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o
• 160°
o oCOO'
A 2 4 6 °
□ 3 2 4 ° □
Design
geometry
Measured
geometry
Tank A1
0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0
Distance (m)
(b) Circumferential Membrane Stress
FIG.2.26 MEMBRANE STRESSES AT A GAUGE PRESSURE OF 115kPa
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!a) Meridional Bending Stress
200
100
-100
0
Symbol Meridian
V 18°
O 42°
■ 66°
+ 108°
• 160°
o 198°
A 246°
□ 324°
o
Gauge Pressure 
115kP a
—  Design 
geometry
—  Measured 
geometry
TX
Tank A1
1
1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0
Distance (m)
(b) Circumferential Bending Stress 
FIG.2.29 BENDING STRESSES AT A GAUGE PRESSURE OF 115kPa
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TANK A1 : 0 = 164°
FIG. 2.30 PATTERN OF DISPLACEMENTS IN TANK A1
72
Displacement (mm)
FIG.2.31 LOAD-DISPLACEMENT HISTORY OF TANK A1 
UNDER INTERNAL PRESSURE
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FIG 2 32 BUCKLE IN UPPER KNUCKLE OF TANK A1
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FIG.2.33 CIRCUMFERENTIAL PROFILE OF TANK B1: SECTION A
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FIG.2.34 CIRCUMFERENTIAL PROFILE OF TANK B1: SECTION B
76
FIG.2.35 CIRCUMFERENTIAL PROFILE OF TANK B1: SECTION C
77
FIG. 2.36 CIRCUMFERENTIAL PROFILE OF TANK B1 : SECTION D
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FIG.2.44 STRAIN GAUGE LAYOUT ON TANK B1
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FIG.2.45 LAYOUT OF DISPLACEMENT TRANSDUCERS
ON TANK B1
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(a) Buckle on 278° meridian
(b) Buckle on 52° meridian
FIG.2.53 BUCKLES IN THE UPPER KNUCKLE OF TANK B1
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(a) Outward Buckle
(b) Inward Buckle
FIG.2.54 BUCKLES IN THE LOWER KNUCKLE OF TANK B1
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FIG.2.55 PATTERN OF DISPLACEMENTS IN TANK B1
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FIG.2.56 LOAD DISPLACEMENT HISTORY OF TANK B1 UNDER 
INTERNAL PRESSURE
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CHAPTER 3
BUCKLING BEHAVIOUR OF FULL-SCALE PRESSURE VESSELS 
UNDER EXTERNAL PRESSURE
3.1 INTRODUCTION
The buckling characteristics of vessels of cylindrical form 
under uniform external pressure have been studied theoretically and 
experimentally in programs conducted in the 1950's and 60's. The aim 
was to develop reliable design guidelines suitable for use in the 
aerospace industry, and also for submersible vessels. To date, the 
majority of test specimens have been small-scale well-manufactured 
cylinders with geometric imperfections kept to a minimum and 
therefore do not reflect the type of imperfections likely to exist 
in vessels for the civil and structural engineering environment. 
Design guidelines formulated from the experimental data have 
remained relatively unchanged since this initial research period, 
but few tests have been conducted on full-scale prototype vessels to 
critically examine the design recommendations. Furthermore, the 
extension of this data to civil engineering containment structures 
that typically have large D/t ratios is uncertain. Details are given 
in this chapter on external pressure tests effected on two 
full-scale fermentation tanks having D/t ratios of 920 and 850 
respectively, and test results have been compared with some current 
design guidelines.
Results from the early experiments conducted on small-scale 
cylindrical models under external pressure were compared [1-8] with 
theory using the assumption that cylinder boundaries satisfied 
simple-support conditions. The agreement between theory and 
experiment was excellent, as shown in fig. 3.1, and has been 
erroneously interpreted [9-12] as an indication of the relative 
imperfection insensitivity of these structures, because in fact the 
end conditions were not simple in most cases.
More recently, end boundary conditions have been shown by the 
writer and by others [13-17] to significantly influence the buckling 
characteristics of thin-walled cylinders under external pressure.
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For long shells (Z > 200) the edge constraint in the axial direction 
has a dominant effect on the critical pressure. End rotational 
restraints only become important in short cylinders having Z less 
than 100. In all tests reported in the literature, finite elastic 
axial restraints have been present at the cylinder boundaries and 
have provided some positive structural benefit to the tests vessels. 
The improved stability of the test specimens derived from such end 
restraints has often been ignored in the past, presumably because 
they were not recognised. However, as the theoretical curve for 
buckling loads of cylinders with simply-supported boundaries 
represents a lower bound to the test results, the neglect of the 
effect of end restraint is questionable. This fact is further 
illustrated by the excellent agreement between theory and tests 
conducted by Tennyson [18] on near perfect epoxy models having 
clamped ends. Consequently, the true imperfection sensitivity of 
cylindrical shells under external pressure has generally been 
understated.
In practical tanks of cylindrical shape, end caps or roofs of 
torispherical or conical form, short skirts and foundations can all 
provide some form of axial restraint to the cylinder. The influence 
of these structural elements on the buckling characteristics of 
complex shells has been observed during tests conducted by the 
author on two full-scale fermentation tanks. Implications for the 
design process are discussed in the chapter.
Using non-linear shell bending theory, numerous researchers 
have investigated the initial post-buckling response of imperfect 
cylinders subject to external pressures. It was concluded [9-12,19] 
that long cylinders (Z > 1000) are relatively imperfection
insensitive, whereas for cylinders of moderate length with
imperfections in the shape of the critical mode, substantial 
reductions below the classical buckling pressure are evident [10] . 
This is highlighted in fig. 3.1 where tests conducted on short 
cylinders show a greater discrepancy with classical theory than 
longer cylinders.
Yamaki [19] has studied the initial post-buckling behaviour 
and imperfection sensitivity of cylindrical shells subjected to 
hydrostatic pressure. The problem was initially solved by applying 
the Galerkin procedure directly to the Donnell non-linear equations,
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and then asymptotic solutions were obtained through a perturbation 
procedure. The agreement between test results and theory was 
excellent. The external pressure tests were conducted on small 
polyester film models and careful measurements of the initial and 
post-buckled circumferential profiles were taken. From the data it 
was concluded that imperfections in the shape of the preferred 
buckling mode have the most degrading effect on the critical 
pressure, and only these need be considered in buckling analyses. 
Similar observations and conclusions have also been reported by 
Esslinger and Geier [20]. Elsewhere, researchers have examined 
theoretically the effects of dimple-shaped imperfections [21] and 
random circumferential imperfections [9] on the buckling load of 
simply-supported cylinders under external pressure, but little 
experimental data is available to verify these results.
Batista and Croll [22] have also studied the post buckling 
behaviour of externally pressurised cylinders and have developed the 
concept that the unstable post-critical behaviour results from a 
loss in monbrane stiffness. To account for the combined effect of 
mode coupling and imperfections in reducing the membrane stiffness, 
a simplified theoretical analysis was presented. Results were found 
to represent a lower bound to the experimental data, giving collapse 
pressures 35% below classical buckling loads.
Despite these primarily theoretical studies on the
imperfection sensitivity of cylindrical shells, design guidelines 
given in structural codes [23-25] have been drafted from an 
examination of 700 collapse tests on cylinders in the range 6 R/t 
^ 250 and 0.04 ^ L/R 50. All test results for cylinders collapsing 
in an elastic buckling mode lie above the line pc/2, where pc is the 
theoretical critical external pressure of a perfect cylinder. 
Consequently, design pressures are given as Pc/3 to ensure a safety 
index exceeding 1.5 [26,27].
The above design guidelines are also applied in Pressure 
Vessel codes, and in this chapter, to large containment vessels of 
cylindrical plan form having torispherical ends. In this approach, 
it is assumed that the complex shell can be transformed into an 
equivalent simply-supported cylinder by adopting an effective 
cylinder length. Design guidelines for torispherical pressure 
vessels, given in [23-25], recommend an effective cylinder length
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equal to the centroidal distance between the ends. Data obtained 
from pressure tests on two fermentation tanks, and from finite 
element analyses, have been used to critically examine these design 
guidelines. Reference has been made to the effects of cylinder end 
restraints and geometric imperfections, and recommendations for the 
design process have been forwarded.
3.2 EXPERIMENTAL PROGRAM
Following the internal pressure tests described in Chapter 2, 
vacuum was applied to the tanks to study the behaviour of the intact 
cylindrical sections. For this purpose, water was drained and a high 
speed rotary vacuum pump connected to the existing pipe network. 
Testing involved the progressive lowering of the internal pressure, 
creating a net uniform external pressure acting on the tank. 
Pressure readings vere obtained independently using a water 
manometer and a pressure transducer capable of giving readings to 
high precision. The transducer was calibrated before and during 
testing and maintained its accuracy throughout.
CXiring the evacuating stages, pressure readings were taken at 
pre-determined time intervals. At specified pressure levels the 
system was allowed to stabilise and strain gauge and transducer 
readings then taken using a HP3054A Automatic Data 
Acqui si tion/Control system. This procedure was continued for the 
duration of testing with internal pressures being returned to 
atmospheric at the conclusion of each day of testing.
When pressure testing vessels using air as the medium, 
fracture of the shell wall can lead to fragmentation and sudden 
catastrophic failure. In view of this possibility, the tests were 
safely controlled within the confines of a concrete block wall and a 
video recorder was suitably positioned to record the tank's 
behaviour during evacuation. The tanks were securely anchored to the 
floor using tie rods having attachment points at the skirt 
mid-height. While strain gauge and transducer readings were being 
taken by the automatic data logger, a visual inspection of the tank 
was conducted to detect any visual signs of distress.
Excepting for the addition of a pressure transducer, the
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instrumentation o f  both tanks regained id e n tica l to that described  
in Chapter 2.
In addition  to the fu l l - s c a le  t e s t s ,  several te s ts  ware
e ffe c te d  on small c y lin d r ic a l  s te e l con ta in ers o f  20 l i t r e  ca p a city , 
having an L/R ra t io  o f  2.0 and R /t r a t io s  o f  322 and 260. A vacuum
pump was attached to the cy lin d ers  and pressure readings were
obtained using a mercury manometer and a pressure transducer. The 
aim o f  these te s ts  was to study the buckling c h a r a c te r is t ic s  o f
c y lin d r ic a l  s h e l ls ,  and the associa ted  le v e l o f  s a fe ty , p r io r  to the 
testin g  o f  two fu l l - s c a le  v e s s e ls .
3.3 EXTERNAL PRESSURE TESTS : TANK Al
3 .3 .1  Membrane Strains
Simple f i r s t  order membrane theory p re d ic ts  that 
to r isp h e r ica l pressure v e sse ls  su b ject to externa l pressure develop 
com pressive c ircu m feren tia l and m eridional membrane s tre sse s  in the 
cy lin d er  wall and sph erica l ends ( f i g .  3 .2 ) .  In fig u re  3.3 are shown 
h is to r ie s  o f  measured c ircu m feren tia l membrane s tre sse s  at cy lin d er 
m id-height with respect to the applied p ressu re . Good agreement has 
been obtained with the th e o r e t ica l f i r s t  order value pR /t p r ior  to 
buck ling. The accuracy o f  s tra in  measurement was -2  m icrostra in , 
which tran sla tes  through e la s t i c  theory to  g iv e  s tre sse s  o f  accuracy 
±0 .5  MPa.
In the m eridional d ir e c t io n ,  manbrane s tre sse s  given  in f i g .  
3 .4  show a more varied behaviour and bear l i t t l e  resemblance to the 
th e o re t ica l p red iction  o f  p R /2 t. Excepting m eridians a t 9 = 66° and 
108°, t e n s ile  s tresses  were developed and g e n e ra lly  exceeded the 
magnitude o f  the th e o re t ica l com pressive s t r e s s .  This behaviour is  
a ttr ibu ted  to the a m p lifica tion  o f  lo c a l  im p erfection s , resu ltin g  in 
changes to the membrane s t i f fn e s s  o f  the s h e ll  w a ll, and 
consequently, to a s ig n if ic a n t  r e d is tr ib u t io n  o f  a x ia l loads 
throughout the cy lin d e r .
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3,3.2 Buckling Characteristics of Tank A1
Buckling of the cylinder wall occurred on the first day of 
testing when the pressure reached 5.35 kPa, with six buckles forming 
simultaneously having centrelines at 9 = 28°, 60°, 96°, 303°, 333° 
and 359°. Ch the second and third days of testing, the initial 
buckling pressure upon reloading was reduced to 4.52 kPa as a 
consequence of imperfections introduced from previous buckle 
formation. Buckle profiles, shown in figure 3.5b, consist of a 
distorted half sine-wave in the vertical direction with maximum 
inward movement occurring about 0.25m above cylinder mid-height. A 
sinusoidal pattern was observed in the circumferential direction, 
having a wavenumber of about 11. Further buckles developed with 
progressive raising of the external pressure until a total of eleven 
had fully developed at a pressure of 7.31 kPa. In all cases, buckle 
formation was associated with a low-pitched rumbling sound emanating 
from vibration of the tank walls. Pressure reductions of 0.1 kPa to 
0.2 kPa were recorded with a maximum value attained on formation of 
six buckles simultaneously.
Figure 3.5c shows the distorted profile of the tank at a 
pressure of 9.47 kPa, about twice the pressure to cause initial 
buckling. The buckling pattern, of sinusoidal form, was such that 
the ratio of the maximum inward movement to the maximum outward 
movement was of the order of 2:1. The point of maximum inward 
displacement had also moved to a position 0.4m above cylinder 
mid-height. In the meridional direction, distortion of the buckle 
profile from the classical sinusoidal shape highlights the influence 
of end boundary conditions on the buckling mode, the practical 
significance of which is discussed fully in section 4.5.
Ultimate failure of the tank occurred at a pressure of 10.75 
kPa and was triggered by the local collapse of a V-shaped 'column' 
at 9 = 205° consisting of the intersection of adjacent buckles (fig. 
3.6). At the location of column collapse, the shell plating and 
circumferential welds were subjected to gross distortions, being 
folded double in places, yet the continuity of the plating was not 
destroyed and some residual pressure was maintained. An immediate 
pressure reduction of 1.5 kPa was recorded at collapse of the 
column; with the excessive deformations the pressure seal around the
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manhole was damaged, and this forced the end of testing. Ch 
releasing the internal vacuum, buckles diametrically opposite the 
collapsed column were removed and the tank's original circular 
profile was locally recovered, as shown in figure 3.5d.
In figure 3.7 is given a schematic representation of the 
overall circumferential buckling mode and the sequence of buckle 
development. Wave numbers, defined by the number of full sine waves, 
ranged from 8.4 to 15.0 with an average of 11. This variation is 
shown in fig. 3.8 to be a true reflection of the original 
imperfections. In the figure it is seen that the location of peaks 
and troughs in the original and buckled states are coincident, and 
is especially noticeable in the third quadrant.
3.3.3 Deflections
Throughout testing, profile changes along a meridian at 9 = 
164° were recorded and selected results are given in figures 3.9 and 
3.10. Frcm the figures we note that:
(a) Under external pressure, displacement of the toroidal knuckle
is dominated by rotation about its centroid, rather than
translation.
(b) Amplification of local imperfections has led to displacement 
of the cylindrical wall in an outward direction.
(c) Spherical end caps move inward under the applied loading, as 
anticipated.
(d) Tests conducted in the elastic buckling regime are
repeatable.
Displacements at cylinder mid-height have been plotted in 
figure 3.11 from measurements recorded at 0.3m spacings around the 
circumference. As the pressure increased, the local geometry was 
continually modified, and was significantly affected when nearby
regions of the tank buckled. Dramatic changes to the local geometry 
occurred on buckle formation where the ratio of inward to outward 
displacement became 8:5.
Load-displacament histories of the spherical cap and cylinder
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for each day of testing are given in figure 3.12. Initially, 
displacements at cylinder mid-height varied linearly with load up to 
the initial buckling pressure of 5.35 kPa. Oi subsequent days, 
non-linear behaviour began at reduced pressures, due to the presence 
of imperfections in the shape of the preferred buckling mode, that 
were introduced in earlier tests. On day two, the erratic 
post-buckling behaviour stems from continual changes to the overall 
buckling mode, with the full pattern being attained only by day's 
end. Having previously developed the complete buckle pattern, the 
post-buckling response on the third day had become more stable.
As the ultimate load was approached, the cylinder wall began 
to move inward as the stiffness of adjoining panels and columns 
diminished. At the same time, crown displacements become 
increasingly non-linear but gave little warning of imminent 
collapse.
3.4 EXTERNAL PRESSURE TESTS : TANK B1
3.4.1 Membrane Strains
Until initial buckle formation, the circumferential membrane 
stresses in the cylinder varied linearly with pressure and were in 
good agreement with the membrane value of pR/t, as shown in fig. 
3.13. As discussed in section 3.3.1, the accuracy of the reduced 
stresses is Î0.5 MPa. Meridional membrane stresses given in fig. 
3.14 varied linearly with pressure but were generally much greater 
than the predicted value of pR/2t. Differences between theory and 
experiment are attributed to the amplification of initial 
imperfections. Such behaviour has led to changes in the membrane 
stiffness of the shell wall, and consequently, to a redistribution 
of axial loads throughout the cylinder.
3.4.2. Buckling Characteristics of Tank B1
At a pressure of 3.95 kPa, a single buckle suddenly developed 
with its centreline at 9 = 304° and was accompanied by a low pitched
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rumbling sound attributed to vibration of the tank walls. The 
external pressure was then reduced and a visual inspection of the 
tank undertaken.
Progressive raising of the external pressure continued and at 
a pressure of 5 kPa the circumferential profile of the tank was 
again visually examined. The location of troughs and peaks was 
recorded, and a schematic representation is reproduced in figure 
3.15. In the figure, it is seen that the spacing of surface ripples 
is non-uniform. Excepting fully developed buckles at 9 = 122° and 
303°, changes to the circumferential profile have emerged from the 
growth of initial imperfections with load. The deformed 
circumferential profile, shown in fig. 3.15, was continually
modified as the external pressure increased and stabilised at a
pressure of 8.83 kPa when all buckles had fully formed (fig. 3.16). 
Wavenumbers for the final buckling mode vary from 9.2 to 14.4 with a 
mean value of 12. The original imperfect circumferential shape is 
seen in figure 3.17 to be directly related to the overall buckling
mode. Meridional buckle profiles are also distorted from the
classical sinusoidal shape and have a point of maximum inward 
movement above cylinder mid-height (fig. 3.18). Further modification 
to buckle shape occurred adjacent to the stiff manhole, as shown in 
figure 3.19.
At the conclusion of the second day of testing, in which a 
pressure of 9.03 kPa had been reached, all buckles disappeared after 
returning the external pressure to zero. Adjacent to the manhole 
evidence of prior buckle formation was observed; elsewhere, the 
original circular profile was retained.
Despite the early development of buckles, the ultimate 
failure load causing gross deformations and a significant pressure 
drop occurred when an external pressure of 14.75 kPa was reached. 
This final mode of failure, shown in fig. 3.20, was triggered by the 
local buckling collapse of several V-shaped 'columns' consisting of 
the intersection of adjacent buckles. At the location of column 
collapse, the shell plating and circumferential welds were subjected 
to gross distortions, being folded double in places, yet the 
continuity of the plating was not destroyed and a residual pressure 
of 11.8 kPa was maintained. On releasing this pressure, buckles 
diametrically opposite the collapsed columns were removed and the
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tan k 's  o r ig in a l c ir cu la r  p r o f i l e  was lo c a l ly  recovered.
3 .4 .3  D e fle ction s
Throughout te s t in g , p r o f i l e  changes o f  the tank along the 
meridian at 9 = 142° were recorded . Selected resu lts  are given  in 
fig u res  3.21 and 3.22 which show:
(a) Under external pressu re , the cy lin d er  wall and sp h erica l end 
move inward, as p red icted  by membrane sh e ll theory fo r  a p e r fe c t  
s tru ctu re .
(b) The to ro id a l knuckle reta in s i t s  in i t ia l  p o s it io n , but 
d is to r t io n  o f  the o r ig in a l p r o f i le  has occurred through the 
inward movement o f  the sph erica l cap and cy lin d e r .
(c) Tests conducted in the e la s t i c  buckling regime are 
rep ea tab le .
In f ig u re  3.23 are shown load displacem ent h is to r ie s  a t the 
cy lin d e r  /k n u ck le  in te rse c t io n  and cy lin d er m id-height. It  is  seen 
that buckle form ation occu rs at a pressure o f  5.5 kPa without 
forew arning, which is  ty p ica l o f  ' snap-through' buckling phenomena. 
On re -lo a d in g , buckling occurred at a reduced pressure o f  5 .3  kPa, 
leading to a new equ ilibriu m  p o s it io n  in the advanced p ost-bu ck lin g  
range.
3 .5  EXTERNAL PRESSURE TESTING OF SMALL-SCALE CYLINDERS
Buckling o f  the te s t  specimens occurred without forewarning 
at pressures below those p red icted  fo r  p e r fe c t  v e sse ls . Experimental 
buckling pressures were found to be 0.65pc  and 0.84pc  fo r  R /t r a t io s  
o f  322 and 260 r e s p e c t iv e ly , where pc  is  the th e o re tica l value fo r  a 
p e r fe c t  sim ply-supported cy lin d e r . The experimental wavenumber fo r  
a l l  t e s t  cy lin d e rs  was f i v e ,  th is  value being 65% o f  the c la s s ic a l  
value mt ^ . Cylinder buckling was accompanied by a loud h igh -p itch ed  
n oise  linked to the ' snap-through' behaviour o f  buckle developm ent, 
and a fte r  b u ck lin g , a reduced external pressure was susta in ed .
In most t e s t s ,  l i t t l e  d iffe r e n c e  was found between the
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pressure to cause initial buckling and final collapse. This latter 
mode was triggered by the collapse of a V-shaped column, consisting 
of the intersection of adjacent buckles. The buckling pattern was of 
sinusoidal form with an approximately uniform buckle spacing, with 
the inward displacement of all buckles greatly exceeding the outward 
displacement.
3.6 COMPARISON WITH THEORY
The buckling behaviour of cylindrical shells under external 
pressure has been extensively studied, both theoretically and 
experimentally, and is discussed fully in chapter 4. From a study of 
available solutions to this problem [1] a simple stability formula 
for perfect cylinders having simply-supported boundaries v^s 
suggested in the form;
0.918 E (t/R)
- 0.636
-(3.1)
with wavenumber m ^  given by
-(3.2)
These simple expressions must be changed if they are to be 
applied to more complex shell structures, such as the tanks tested 
here. The effects of boundary constraints, imperfection sensitivity 
and effective cylinder length must be incorporated. This yields an 
expression for the critical pressure of complex shells, which 
incorporate a cylindrical body, as
*
pcr
2
0.918 E (t/R)
-(3.3)
and
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cb j*_ /^~ -(3.4)
L * J  t
where Cs is a reduction factor for imperfections, is the boundary 
constraint parameter, and L* the effective cylinder length. 
Appropriate values of these three parameters must be established.
3.6.1 Effect of Boundary Conditions (Cy
End boundary conditions have been shown [13-17,19] to 
significantly influence the buckling characteristics of cylinders, 
with the dominant parameter being the restraint in the axial 
direction for shell geometries satisfying Z > 200 (see section 4.5). 
Practically, cylinder ends have finite axial stiffnesses and values 
for can be calculated from the theory developed by the author 
[17], as
2
cb = 1*0 + £  Pm -<3-5)
m=i
with Pm = 0.067 Km L
E t
0.32
^ 0.23 -(3.6)
The axial stiffness term needs to be evaluated for any given 
structure. A solution has been developed for short skirts in section 
4.4.
3.6.2 Effect of Imperfections (Cs)
The reduction factor Cs for imperfect cylinders has been 
assigned values ranging from 0.5 in structural codes [23,24,26,27], 
to 0.9 [28], although a value of 0.7 is most commonly quoted in the 
literature [19,20,22], A value of 0.7 agrees well with experimental 
data, and also represents the theoretical minimum post-buckling 
pressure of perfect cylinders [19,20,30,31].
Theoretical studies of the initial post-buckling response of 
imperfect cylinders under external pressure have been conducted by 
applying the Galerkin procedure directly to the Donnell non-linear
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equations [19,20,30,31], and by use of asymptotic solutions 
incorporating perturbation procedures [9,19,21]. For imperfections 
in the shape of the preferred buckling mode, of amplitude dQ, the 
reduction factor Cs can be expressed in the form [see section 4.7]
Cs
0.5
1 -
-0.16
-(3.7)
Equation 3.7 has been used to predict the theoretical imperfection 
sensitivity of tanks A1 and Bl.
3.6.3 Effective Cylinder Length (L*)
The effective cylinder length, as defined in pressure vessel 
codes [23-25], is taken to be the cylinder length plus one-third the 
head height for each end (fig. 3.24). In this approach end caps are 
considered to act as fully effective stiffeners with a centroid 
about H/3 from the cylinder/end junction. Experimentally, buckle end 
points were located near the centroid of the upper knuckle and at 
the lowsr cylinder/skirt junction (figs. 3.5,3.23). Similar 
behaviour is predicted by an examination of buckling modes using 
finite elenent techniques (figs. 3.25,3.26). Thus a more appropriate 
value of L* for pressure vessels having torispherical ends and 
supported on a short skirt, is given by
L* = L + 0.4r -(3.8)
where 0.4r is taken as the height of the knuckle centroid above the 
cylinder/end junction. In the absence of a stiffening member at the 
lower cylinder/end junction, such as a skirt or ringbeam, the 
effective cylinder length is best represented as
L* = L + 0.8r -(3.9)
Equations 3.8 and 3.9 are recommendations of this thesis.
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3.6.4 Comparison with Test Results
Predictions for buckling pressures of both test vessels are 
presented in Table 3.1. Values for were obtained using technigues 
described in section 4.5. The imperfection amplitude dQ was obtained 
from a fourier analysis of the circumferential profile measurements, 
results of which are given in appendix 1.
Buckling predictions show that:
(a) For perfect vessels, good agreement has been obtained with 
buckling pressures calculated from equation 3.3 and finite 
element results using program BUCK3 [29].
(b) The mean experimental wavenumbers are approximately 30% lower 
than those predicted for perfect cylinders.
(c) For tank Al, the initial buckling pressure is in excellent 
agreement with Pcr** as determined from eqn. 3.3. Using an 
identical method for tank Bl, the initial buckling load is about 
0.5pcr , and to obtain agreement between theory and experiment, a 
modal imperfection of magnitude d ^ t  = 1.8 is needed.
(d) The full buckle pattern was developed at pressures exceeding 
*
pcr *
Predictions for the critical wavenumber are made on the 
assumption that all buckles are uniformly distributed around the 
circumference. Tests have generally shown this assumption to be
correct and is testimony to the precision of the test specimens. 
Tests effected on tanks Al and Bl revealed a non-uniform
circumferential buckle pattern that was a true reflection of the 
original imperfections, as shown in figs. 3.8 and 3.17. This 
observation clearly indicates that local imperfections play a
significant role in initiating premature failure, and that the
imperfection sensitivity of these structures does not depend solely 
on the magnitude of imperfections in the shape of the critical mode.
The buckling pressure of tank Bl was re-calculated using the 
results of [21] with a dimple-shaped imperfection assumed to be 
present at the location of the initial buckle. Radial measurements 
taken in this region are shown in figure 3.27. Insufficient data was 
recorded to fully describe the shape of the initial imperfection but
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two possibilities have been drawn in the figure. Firstly, curve 1 
assumes an imperfection profile relative to the mean cylinder radius 
which yields from [21] an imperfection sensitivity Cs = 0.61. By 
consideration of a more local imperfection described by curve 2, Cs 
becomes 0.50. To obtain agreement with the experimental results, a 
value of Cs equal to 0.37 is needed. These calculations show that it 
is difficult to accurately predict the true buckling load of tank 
Bl. The buckling sensitivity of these full-sized structures to local 
imperfections has however been highlighted. In practical structures, 
approximate predictions of the collapse load could be determined 
from the results of [21] for a given estimate of the magnitude of 
local imperfections, but further full-scale tests are still required 
to fully verify this approach and make it a widely accepted design 
tool.
In post-buckling studies, it has been shown [19,20,30,31] 
that the equilibrium pressure of perfect cylinders drops after 
buckling, attains a relative minimum and then increases 
monotonically as long as the post-buckling state is stable. This 
pressure drop is related to the geometric parameter Z, as shown in 
fig. 3.28 [19]. In the figure it is seen that the shell becomes 
imperfection sensitive when Z is larger than 20, and that for long 
shells with Z greater than 1000, the minimum post-buckling pressure 
will be about 70% of the classical buckling pressure. Wavenumbers 
show a similar variation with Z, with classical values being reduced 
by a maximum of 17% when Z is greater than 1000. These conclusions 
match closely the observed experimental scatter for tests conducted 
on small, well-manufactured specimens.
In figure 3.29 are shown typical post-buckling responses of 
clamped cylinders having different imperfection amplitudes [19]. For 
cylinders with dQ/t ^ 0.4, buckle formation is shown to be 
accompanied by a reduction in external pressure, the magnitude of 
which diminishes as the ratio d ^ t  increases. With higher 
imperfection levels, as shown in fig. 3.29 with d ^ t  = 0.8, the 
initial imperfections amplify with load, and in the hypercritical 
region, the cylinder's behviour is one of 'load-stiffening'. Under 
these conditions the critical load is defined at the inflection 
point. Experiments on imperfect cylinders have shown that shell 
buckling is governed by a dynamic 'snap-through', before reaching a
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new stable equilibrium position in the advanced post-buckling 
region. In the post-buckled state, inward displacements of the shell 
wall are large relative to the wall thickness, and increase 
monotonically with load. In comparison, displacements of the shell 
wall in an outward direction remain relatively constant throughout 
the post-buckled regime.
The buckling pattern of imperfect cylinders cannot be 
accurately predicted, but on the basis of experimental observation, 
the following has been suggested [19,20], For perfect, or near 
perfect cylinders, the classical buckling mode will be developed 
with wavenumbers equal to mtb. Cylinders having much larger 
imperfections will buckle in the characteristic post-buckling mode 
with wavenumbers equal to o<pmtb (fig. 3.28), or may not buckle at 
all. In the latter case, the imperfections enlarge under the action 
of the applied load, and the critical pressure is then arbitrarily 
defined [19,20] as the inflection point on the load-displacement 
curve.
Comparisons between the theoretical and experimental 
post-buckling behaviour of tanks A1 and B1 have been made, and the 
following points noted. Firstly, theoretical studies of the 
post-buckling behaviour of imperfect cylinders have shown that 
' snap-through' behaviour only occurs when Cpb is less than Cs, and 
is accompanied by a reduction in the equilibrium pressure of 
magnitude (Cs-Cpb)pc . In fig. 3.30 are shown the relationships 
between Cs , Cpb and the geometric parameter Z, using equation 3.7 
for the reduction factor Cg, and data presented in fig. 3.28 for 
Cpb. ' Snap-through' behaviour is predicted in tanks A1 and B1 when 
Cs is greater than 0.7. Test results show that ' snap-through' 
buckling initially occurred at values of Cs equal to 0.68 and 0.37, 
for tanks A1 and B1 respectively.
Theoretical post-buckling studies have been conducted using 
the assumption of a uniform buckling pattern of sinusoidal form. For 
perfect or slightly imperfect cylinders, theory dictates that mtb 
full waves are developed circumferentially, reducing to the 
characteristic post-buckling wavenumber o<pmtb when the imperfections 
become large. Experimental results for tanks A1 and B1 have shown 
that the original pattern of imperfections directly influences the 
buckling mode, and that the uniform spacing assumed in theoretical
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studies may not be developed.
Differences between the observed and predicted post-buckling 
behaviour of tanks A1 and B1 are attributed to the irregular 
imperfection pattern. As highlighted by the test results, the 
post-buckling behaviour of pressure vessels predicted on the 
assumption of a uniform buckling pattern can be misleading, 
especially when the imperfection pattern is complex. Further studies 
of the post-buckling behaviour of imperfect cylinders are therefore 
necessary to examine the influence of non-uniform buckling patterns 
on the reduction factors Cs and Cp^.
The ultimate failure mode of cylinders has been described in 
[19,20,30,31] as a torsional buckling mode that develops at 
pressures much greater than the pressure to cause initial buckling. 
This type of mode is expected for vessels having a uniform primary 
buckling pattern in which the m ^  columns fail simultaneously. Tests 
effected on tanks A1 and B1 (figs. 3.5,3.23) and small models (fig. 
3.31) have shown that a partial collapse of the vessel can occur. In 
tests conducted by the author, both uniform and non-uniform primary 
buckling patterns were observed, yet ultimate failures were governed 
by the local collapse of one or more columns. For tanks A1 and Bl, 
column collapse was initiated in areas having the lowest buckle 
wavenumber. Throughout the test program, the torsional buckling mode 
that is usually associated with ultimate failure of cylindrical 
vessels, was never observed.
Structural codes [23-25] give guidelines for the design of 
vessels subjected to external pressure. Design guidelines have been 
devised to realise safety factors of at least 1.5. For cylinders 
that fail by elastic buckling, where instability precedes yielding 
of the shell wall, the design pressure is given as [27]
Pd = Pc /3 -(3.10)
This expression has been obtained from an extensive survey of 
past experimental data and is considered to include the effects of 
shape imperfections and residual stresses. Design pressures 
calculated from eqn. 3.10 for tanks A1 and Bl are 2.69 kPa and 3.56 
kPa respectively, giving safety indexes on initial buckling of 2.0 
and 1.11. The application of equation 3.10 is restricted in the
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codes to vessels satisfying construction tolerances given by 
a* (Dmax-Dmin)/°o ^ 0-01
where DQ is the designated internal diameter, and E^a and 
are the measured maximum and minimum values of the 
cylinder diameter.
b. The maximum allowable radial deviation from the design 
curvature, over a chord length of DQ/4, is 0.003DQ .
Tank A1 was found to satisfy both circularity requirements, 
whereas tank B1 failed to comply with local curvature restrictions 
given in (b) above. The test results indicate that design pressures 
calculated for vessels satisfying construction tolerances specified 
in the codes, will give safety indexes in excess of the desired 
value 1.5. Tests on tank B1 have shown that when these tolerances 
are not satisfied, due to either poor fabricating procedures or 
in-service damage, the minimum factor of safety of 1.5 can be 
reduced by as much as 25%. Test results clearly show that in the 
fabrication or repair of damaged silos and tanks, particular 
attention must be given to repair procedures to ensure that 
circularity is maintained.
3.7 CONCLUSION
In both vessels reported in this Chapter, pre-buckling 
cicumferential membrane stresses in the cylindrical shell are in 
good agreement with classical membrane theory. In contrast, 
meridional membrane stresses show little similarity to the stress 
state predicted assuming a perfect initial surface. Here, a loss of 
membrane stiffness arising from the interaction of axial load and 
initial imperfections has led to a re-distribution of axial load in 
the cylinder wall.
Buckling predictions for complex shells using a set of simple 
equations has been shown to agree with finite element analyses. The 
effective cylinder length, as shown by tests and finite element 
results, was found to be equal to the cylinder height plus the 
distance from the knuckle centroid to the cylinder/knuckle junction. 
Modification of existing design rules is necessary to represent the
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true effective cylinder length of complex shells, particularly for 
vessels having torispherical ends.
Initial buckling pressures, calculated using the maximum 
measured imperfection in the shape of the critical buckling mode, 
give conflicting results when compared with observed pressures in 
tests A1 and Bl. For tank Al, excellent agreement was obtained with 
theory, whereas for tank Bl, the predicted critical pressure was 
almost twice the experimental value. Better agreement was obtained 
with test results of Bl when a dimple-shaped imperfection at the 
location of the initial buckle was introduced in the analysis. Ibis 
indicates that a complex imperfect circular profile plays a more 
critical role in the initial post-buckling response than originally 
thought, and that local imperfections need to be considered in 
future analyses, rather than imperfections reflecting only the 
eventual buckling mode.
Both tanks experienced 'snap-through' buckling phenomena 
despite theory predicting otherwise. Immediately following buckle 
development, the tanks reached a stable post-buckling configuration. 
On further loading, the outward displacement of the buckles remained 
relatively stationary; the much greater inward displacements 
increased monotonically after buckling, as reported in the 
literature for tests conducted on small-scale models.
Ultimate failure of both vessels occurred when the external 
pressure reached a value 1.35 times the predicted buckling pressure 
of the perfect tank. Failure was governed by the local buckling 
collapse of a column formed by the junction of adjacent buckles. 
Small models with a circumferentially uniform primary buckling mode 
usually fail in a secondary torsional buckling mode, and the failure 
is governed by the simultaneous collapse of all the columns. In 
tests Al and Bl, circumferential buckle wavelengths varied around 
the circumference and this led to collapse occurring only over a 
portion of the tank. The location of ultimate collapse was adjacent 
to the buckle having the lowest wavenumber.
Comparisons have been made between the experimental buckling 
loads of tanks Al and Bl, and design pressures recommended in 
pressure vessel codes such as BS5500 and AS1210. Test results have 
shown that the desired factor of safety is met when specified 
circularity limits are satisfied. Results for tank Bl show that
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in-service damage, or poor fabrication, can reduce the factor of 
safety to a value well below the minimum of 1.5. This clearly 
highlights the need to exercise caution in the fabrication or repair 
of pressure vessels to ensure that a truly circular form is 
maintained.
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QUANTITY TANK Al TANK B1 COMMENTS
★L 2.581 m 2.219 m effective length
Pc 6.72 kPa 8.93 kPa eqn. 3.1
cb Pc 7.87 kPa 10.21 kPa
(Per) fe 8.08 kPa 10.68 kPa finite element analysis
*
Per 5.33 kPa 7.27 kPa eqn. 3.3
(Per)exp 5.40 kPa 3.95 kPa initial buckling
7.3 kPa 8.8 kPa full buckling pattern
10.75 kPa 14.75 kPa final collapse
mth 15 15 eqn. 3.2
"th* 16 16 eqn. 3.4
mexp 11 12 experimental wavenumber
TABLE 3.1: BUCKLING PREDICTIONS FOR TEST VESSELS
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FIG.3.1 COMPARISON BETWEEN THEORY AND EXPERIMENT FOR 
CRITICAL EXTERNAL PRESSURE AND WAVENUMBER
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(a) Meridional Membrane Stress
FIG.3.2 MEMBRANE STRESS DISTRIBUTION IN A TORISPHERICAL
TANK UNDER EXTERNAL PRESSURE
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(c) p=9.47kPa (d) p^O.OkPa
FIG. 3.5 BUCKLE PROFILES OF TANK A1
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FIG.3.6 FINAL COLLAPSE OF TANK A1
127
note: results from the 
second day of testing.
FIG. 3.7 OVERALL BUCKLING PATTERN OF TANK A1
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FIG,3.8 RELATIONSHIP BETWEEN BUCKLING 
PATTERN AND IMPERFECTIONS
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FIG. 3.9 MERIDIONAL PROFILE CHANGES IN TANK A1 : DAY 1
130
FIG. 3.10 MERIDIONAL PROFILE CHANGES IN TANK A1 : DAY 2
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FIG.3.11 BUCKLE DEVELOPMENT AT CYLINDER MID-HEIGHT
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FIG .3.12 LOAD-DISPLACEMENT HISTORIES OF SPHERICAL END AND
CYLINDER
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FIG.3.14 MERIDIONAL MEMBRANE STRESSES AT STRAIN GAUGE NO.13
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FIG .3.14 MERIDIONAL MEMBRANE STRESSES AT STRAIN GAUGE NO. 13
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FIG-3-15 CIRCUMFERENTIAL PROFILE AT CYLINDER
MID-HEIGHT WITH P = 5 kPa
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FIG.3.16 FINAL FAILURE MODE OF TANK B1
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FIG.3.17 RELATIONSHIP BETWEEN IMPERFECTIONS AND
FINAL BUCKLING MODE
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FIG-3.18 BUCKLE AT 9 = 180°
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FIG.B.20 FINAL COLLAPSE OF TANK B1
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FIG. 3.21 MERIDIONAL PROFILE CHANGES IN TANK B1 : DAY 1
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FIG.3.22 MERIDIONAL PROFILE CHANGES IN TANK B1: DAY 2
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FIG.3.23 DISPLACEMENT HISTORY OF TANK B1
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FIG.3.24 EFFECTIVE LENGTH ( L* ) OF VESSELS SUBJECTED
TO EXTERNAL PRESSURE
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FIG.3.25 PREDICTED BUCKLING MODE OF TANK A1
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FIG.3.26 PREDICTED BUCKLING MODE OF TANK B1
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FIG.3.31 MODEL CYLINDER TES TS
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CHAPTER 4
ELASTIC STABILITY OF CYLINDRICAL SHELLS UNDER 
UNIFORM EXTERNAL PRESSURE
4.1 INTRODUCTION
Many versions of non-linear shell bending theory have been 
used in establishing expressions for the critical external pressure 
acting on circular cylindrical shells. Donnell shell theory [1] is 
generally preferred for solution of buckling problems as it leads to 
simpler formulae for the buckling stress, compared with more 
involved solutions from the theory of Flugge [2]. Perfect cylinders 
with simply-supported boundaries have a buckling mode of the form 
wQsin (Tt x/L) sin (m0), representing a half sine wave in the 
longitudinal direction and a number of sine waves around the 
circumference. Solution of the shell stability equations requires 
minimisation of the critical load with respect to the wavenumber m. 
Results from Donnell's theory have been found to be accurate for 
cylinders with wavenumbers greater than four [3-5], and to agree 
with experimental investigations, as shown in fig. 4.1. From a study 
of proposed buckling formulas, Windenburg and Trilling [6] have 
obtained a simple expression for the critical pressure that is valid 
for geometries satisfying Z (=L2 (1-v2) 5/Rt) > 100, below which
conservative predictions are given.
For short cylinders substantial differences exist between 
proposed buckling formulae of perfect cylinders, and have arisen 
from assumptions made in the development of the equilibrium 
equations, or from the nature of the applied loading. Armenakas and 
Herrmann [4] examined the shortcomings of several buckling formulae, 
and using shell bending theory, have derived a general buckling 
solution suited to all cylinder geometries. In practice, cylindrical 
silos and tanks typically satisfy the geometric condition Z > 100. 
Consequently, simple formulas given in [6] for the critical external 
pressure of perfect simply-supported cylinders form a suitable 
platform on which to base practical design guidelines.
As discussed in section 3.1, agreement between experiment and
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theory has been good when the latter has assumed simple-support 
boundary conditions to exist. Cylinder end restraints have been 
recognised by some [3,7-13] as directly influencing buckling loads, 
yet have often been dismissed or ignored by others. Numerous 
investigations have been conducted to examine these effects and have 
led to their recent inclusion in some structural codes [14]. These 
new design guidelines express the critical external pressure as a 
multiple of the classical buckling load of an equivalent 
simply-supported cylinder. The multiplying factor has a value of 
0.6 for cantilevered shells, 1.25 for pinned-clamped boundaries and 
1.5 for the fully clamped condition [14]. In all cases, cylinder end 
restraints in the axial direction are assumed to be totally rigid. 
Little information is available to classify practical restraint 
systems as being either partially or totally effective. Values of 
for a few end restraint combinations, having finite stiffnesses, are 
given in [7]. In this chapter, details are given of a general 
analytical solution for C^, developed by the author [15], for 
cylinders having axial elastic restraints at both boundaries.
Elevated silos and tanks with ends of torispherical or
conical form are commonly supported on short skirts attached at the 
lower cylinder/end junction. The end caps and skirt provide an 
elastic axial restraint acting on the cylinder at the attachment 
point. The buckling strength of the shell can be accurately 
predicted using standard buckling formulas once the restraint 
parameter has been determined for the skirt and ends. This in 
turn is a function of the effective axial stiffness. Most pressure 
vessel codes ignore the positive structural benefits afforded by
such end conditions and as a result, give much lower buckling loads 
than obtained using rigorous methods of analysis.
Buckling formulae are normally given for a uniform plate 
thickness. In practice however, containment vessels often have
variable wall thickness to resist the non-uniform loading. An 
analytical solution is developed in this chapter for predicting the 
buckling load of cylinders having variable wall thickness, using the 
method of transformation to an equivalent cylinder of uniform
thickness. Buckling loads calculated using this technique have been 
compared with finite element analysis, and also with a graphical 
method proposed in [16].
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The buckling resistance of cylinders can be further improved 
by the inclusion of stiffeners. Under external pressure, light 
widely-spaced circumferential stiffeners are generally viewed as 
being most efficient [17-20], whereas practical numbers of 
meridional stiffeners have little bearing on overall buckling 
strength. Previous studies have been conducted using several 
techniques; firstly, by transforming the ring-stiffened shell into 
an equivalent orthotropic shell [21-26], secondly, from energy 
principles [11,12,27,28], and thirdly, more advanced methods such as 
finite element analyses [29] and by use of analytical models [30]. 
Results from orthotropic theory have shown good agreement with more 
rigorous analyses when the collapse mode was one of overall 
buckling. With heavy stiffening, the local instability mode is 
mobilised, where buckles develop between the stiffeners. Under these 
conditions, orthotropic theory over-estimates buckling loads. The 
flexural rigidity of the stiffeners is recognised 
[19,20,26,27,31,32] as having a dominant influence on the critical 
pressure. Expressions to determine the minimum stiffener inertia 
required to mobilise the local instability mode are developed in 
this chapter for simply-supported and open cantilevered cylinders. 
Additional strength over this limit results in a waste of material.
The critical external pressure of stiffened cylinders having 
ring stiffeners positioned eccentrically relative to the shell 
middle surface, have been studied [21,22]. For short shells (Z < 
100), external ring stiffening was found to give optimum efficiency, 
whereas in longer shells (Z > 500), maximum benefit is derived when 
they are placed internally [22].
Using Koiter's theory of initial critical behaviour of 
elastic structures, Goncalves and Batista [17] have examined the 
critical and post-critical behaviour of stiffened cylinders under 
external pressure. Ring stiffening was shown to reduce the 
imperfection sensitivity of the cylinder, as well as raising the 
buckling load above the unstiffened value. Buckling loads calculated 
for an assumed modal imperfection of magnitude d ^ t  = 1 were a lower 
bound to available experimental data, and were suggested for use in 
design.
The interaction between overall buckling and interframe 
instability in ring stiffened shells has been studied by Roorda [30]
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□sing the concept of a rigid link model. The model incorporates 
linear and bi-linear compressive springs having special properties 
that represent the circumferential stiffness and buckling 
characteristics of long ring-stiffened cylinders. Results indicated 
that interactive effects in the presence of geometric imperfections 
can have a considerable influence on the buckling strength. It was 
suggested that more advanced studies be undertaken to determine the 
full effects of this complex behaviour. Kendrick [33] has also 
examined the influence of shape imperfections and residual stresses 
on the collapse of stiffened cylinders. Comparisons of theory and 
experiment have shown that cylinder strengths are profoundly 
affected by out-of-roundness and cold bending stresses. However, 
these results apply specifically to cylinders that fail by 
elastic-plastic collapse. Details are still required for the 
influence of geometric imperfections and residual stresses on the 
elastic collapse of stiffened cylinders.
Premature failure, in a general instability mode, can also be 
induced by collapse of the ring stiffeners, and has usually been 
considered in relation to in-plane buckling of the ring for which 
simple expressions are available. It has been shown in [34,35] that 
out-of-plane buckling governs the collapse of annular rings of 
medium to high aspect ratio, and further studies examining 
relationships between general instability and out-of-plane buckling 
are needed. Design guidelines have been presented in [34,35] for 
predicting collapse loads of T-section and I-section rings, and 
annular plates.
New insights into the behaviour of shell structures have been 
gained with the development of finite element techniques. Finite 
element shell analyses have allowed empirical formulas to be 
developed for many difficult shell problems, and has often provided 
information which has led to simplification of the governing shell 
equilibrium equations by identification of the critical and 
non-critical terms.
Details are given in this chapter on the development of a 
shell stability analysis, based on the representation of a shell 
surface as an assemblage of flat plates. A four noded rectangular 
flat plate bending element described by Bogner, Fox and Schmidt [36] 
has been superposed with a plane stress element having a bi-linear
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displacement field, and transformed into three dimensions to give an 
element suited to the analysis of shell structures. Applied loads 
are assumed to remain parallel to their original direction as the 
structure deforms. Pressure loads would ideally be expected to 
remain normal to the deformed shell surface and some errors are 
introduced in the finite element analysis for loads of this type. 
Analysis of circular arches has shown [37-42] that buckling loads 
are sensitive to the nature of the applied load, giving higher 
buckling pressures for constant directional loads than for follower 
loads. A 5% difference is found for a built-in circular arch with an 
included angle of 120°, and increases to 33% for a free circular 
ring. Similar behaviour is recorded for cylindrical shells under 
hydrostatic pressure [4] and wind pressures [43] when the wavenumber 
is small. Little difference is expected between the two loading 
conditions when cylinder wavenumbers exceed five. Silos and tanks 
used in the civil engineering environment typically have wavenumbers 
greater than five, giving credibility to studies on the stability of 
silos and tanks under external pressure by use of a linear stability 
analysis.
State-of-the-art reports on the buckling behaviour of 
cylinders have been compiled by Widenburg and Trilling [6] , and more 
recently by Tvergaard [44]. In this latter report, particular 
attention was focussed on the post-buckling behaviour, imperfection 
sensitivity and collapse of shell structures, and discussed in 
relation to investigations using asymptotic analyses, numerical 
investigations and experiments. Cdland [45] gives details of 
research activity in the field of stiffened and unstiffened shells, 
for the period to the mid 1970's. Most of the data is directly 
applicable to thick-walled cylinders as found in offshore platforms, 
and has little relevance to cylinder geometries associated with the 
design of silos and tanks. The majority of recent work in the area 
of stiffened shells has been centred on elastic-plastic collapse and 
as such, much of this data is inappropriate for thin-walled 
structures as used for the storage of bulk solids and liquids.
158
4.2 BUCKLING OF CYLINDRICAL SHELLS
For a thin cylindrical shell of radius R and thickness t the 
Donnell stability equations in uncoupled form are [1,46]
V^u-, = - v  Wi + 1 w-,
1 —  ' x x x  — => 1'x0 0
-(4.1)
V4v, = - (2+V) Wi - 1 W-,
1 ----T" 1,XX0 -- 7 L t rv\r\vA A J
-(4.2)
D + (1-n)2) C w -l
o2 xxx
v ( Nxo Wl'xx +— N*eo Wl'xe +—  Neo Wl'ee * = 0 R R2
-(4.3)
where u, v, w are displacements in x, 0 and z directions and N is 
the membrane force per unit length. The subscripts 0 and 1 relate to 
adjacent equilibrium configurations of the shell surface where uQ , 
vQ , wQ and u, v, w are displacements corresponding to a single value 
of applied load and u-^ , v-^ , w^ is an arbitrarily small increment. 
Also,
and
C =_ E t
(l-V2)
D = E f
12 a-vz)
-(4.4)
-(4.5)
In equation 4.3, NXQ, and Nqq are pre-buckling values of 
membrane stresses and, if the effect of pre-buckling rotations is 
neglected, are governed by the linear equations
[x,x + Nx©,0 = 0 -(4.6)
[X0,X + N0,0 = 0 -(4.7)
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D V4** + _i_Ne =  - 
R
P -(4.8)
where p is the lateral pressure, and
Nx = c  ( £ X + v Ee ) -(4.9)
IICD
2
c  ( s0  + V £ x ) -(4.10)
N X 0  = c ( l - v )  X xe 
2
-(4.11)
£x = Òu
Ò X
-(4.12)
E0 = 1 ( Òv + w ) 
R Ò0
-(4.13)
^ x e  = 1 òu + ò v 
R 09 Òx
-(4.14)
For a cylinder under the combined actions of an axial load, 
P, and a uniform lateral pressure, pr, these equations can be 
further simplified. Using the property of symmetry and ignoring 
local bending effects at each end of the cylinder, the latter being 
very localised, we get
Nxo = -P/(2rcR) -(4.15)
n 9 o = -Pr R -(4.16)
N x 9 o = 0 -(4.17)
frcm which, equation 4.3 becomes
D V8w + (1-v2) C w ,Y Y Y Y + V4 r P w,xx +  Pr w(0el =  0 -(4.18)
R2 L 2 Tt R R J
Solutions to many problems of cylinder stability can now be obtained
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from
D V8w + (l-\)2) C w, xxxx + Pr V- cxRw,xx + _ L w'e e ]  ~= 0 -(4.19)
where oc = N ^ / N ^  .
For simply-supported cylinders, conditions imposed on eqn. 
4.19 are that w is periodic in 9 and that
w = w vv = 0 at x = 0, L -(4.20)/ a a
Solutions of the form
w = A sin (nx) sin (m0) -(4.21)
where A is a constant, h = nvt/L and m, n are integers, are seen to 
satisfy both the differential equations and boundary conditions. 
Substituting eqn. 4.21 into eqn. 4.19 and re-arranging gives the 
solution for the critical lateral pressure,
/ rnt R\2 + m2 _D_+ /nrçR\4 (1-V2) C 
\ L / J r 2 \ L / -(4.22)
pr R = 1 n u  R^2 + m2 2 m2 + o< /ntt R^2
Li l ) j i l JJ
For any given value of the load ratio cx, the critical 
pressure can be obtained by minimising equation 4.22 with respect to 
the parameters m and n. The minimum value of pr corresponds to n=l, 
so that the buckling mode is one half wave in the axial direction 
and m full waves in the circumferential direction.
In figure 4.1 are shown several solutions that have been 
proposed to determine critical external pressures. When Z 
(=L2 (1-v2)0*^/Rt) > 100/ the logarithmic variation of the pressure 
coefficient p against Z is linear, giving an expression for the 
critical pressure as
Pc 0.92 E R 
L
2.5
-(4.23)
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Following an extensive investigation of external buckling phenomena, 
Windenburg and Trilling [6] suggested the alternate form
2
pn = 0.918 E (t/R) -(4.24)
- 0.636
which is practically equivalent to eqn. 4.23 for values of Z > 100. 
Differences in published buckling solutions for values of Z below 
100 stem from assumptions made in the development of the shell 
equilibrium equations. The Donnell stability equations have been 
shown [3] to give excellent results when the wavenumber exceeds 5.
Differences between buckling loads of short cylinders under 
hydrostatic and uniform lateral pressures stem from interaction of 
meridional and circumferential compressions. In long cylinders (Z > 
100) circumferential membrane stresses dominate, and buckling 
pressures for both loading cases are practically identical.
4.3 FINITE ELEMENT FORMULATION
The representation of complex shells as an assemblage of 
discrete elements has enabled researchers to investigate shell 
behaviour under loading and geometry combinations that v\^ re 
previously too difficult to solve analytically. The types of 
problems that can be solved with this technique depends primarily on 
the shell theory used in the derivations.
A shell can be correctly represented as an assemblage of 
curved elements, the behaviour of each element specified by a finite 
number of parameters and derived in accordance with an appropriate 
shell theory. The derivation of curved shell elements is complex due 
to the coupling of membrane and bending actions, and these elements 
often have many degrees of freedom, some of which are higher 
displacement derivatives. Alternatively, the shell can be 
represented as a collection of flat elements which becomes a true 
representation in the limiting case. With this approach the 
difficulties referred to above are eliminated at the expense of
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introducing a further approximation. In this, it is assumed that the 
behaviour of a continuously curved surface can be adequately 
represented by the behaviour of a surface composed from small, flat 
elements [47,48]. Good accuracy is shown to exist when the quality 
of the flexural component is high.
For axisynrnetric shells, further simplifications can be 
afforded, resulting in an efficient means of solving shell problems 
that involve synmetry. Despite obvious benefits with this method, 
the discrete element formulation lends itself to the solution of 
more general problems, in particular the non-linear behaviour of 
shells under non-uniform loads.
4.3.1 Theoretical Concepts
Consider a 'finite element' of a continuum defined by nodes 
i, j, k, 1 and straight boundaries, as shown in fig. 4.2. The 
behaviour of the element can be represented in matrix form by
{ Re } = [ Ke ] { ae } -(4.25)
where {R0} is a vector of stress resultants at element nodal 
points, [K0] is the element stiffness matrix, and {ae} is the 
vector of nodal displacements. An element stiffness matrix can be 
generated by selecting a set of functions that uniquely describe the 
state of displacements within the element in terms of its nodal 
displacements. This is represented by
ue = [ Ni Nj N* NX ]
= N ae -(4.26)
where N is a matrix of 'shape functions' and ae is a listing of 
element nodal displacements. The state of strain within an element 
can now be written in terms of the nodal displacements as
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E = L u0 -(4.27)
where L is a suitable linear operator. Using eqn. 4.26, this can be 
expressed as
E = Be ae -(4.28)
with B0 = L N -(4.29)
Assuming linear elastic behaviour, the relationship between stresses 
and strains will be linear and of the form
O' = D E = D Be a0 -(4.30)
where D is an elasticity matrix containing the appropriate material 
properties.
Substitution of eqns. 4.26-30 into the equation of virtual 
work, given as
SET CTdV = / uT F dV + uT T ds -(4.31)
where F are body forces and T surface tractions, we obtain,
SaeT ( / D Be dV ] ae
V
S a e T [JhT F dV + / NT T ds
-(4.32)
from which the element stiffness matrix K0 , and load vector R0 , are 
defined as
Ke = f %D Be dv -(4.33)
'  V
/ t r t
/ N F dv + / N T ds -(4.34)
A
The elemental equations can then be represented by
Ke ae = Re -(4.35)
and when assembled in global form, by consideration of compatibility
164
and equilibrium at nodal points, becomes
[ K ] { a } = [ R ] -(4.36)
From these equations, it can be seen that once suitable shape 
functions have been adopted, the structural response to any load 
combination can be determined by simply solving eqn. 4.36 for 
displacements {a}. Stresses can then be computed using the stress 
matrix, S , defined by
ö- = S ae -(4.37)
where s  -  d  B e -(4.38)
4.3.2 Linear Stability Analysis of Shells
The linear stability analysis of structures is based on the 
assumption that the membrane forces in a structure can be determined 
by a linear stress analysis and that these forces remain unchanged 
as the structure displaces an infinitesimal amount into one of its 
buckling modes. These assumptions are applicable to beams, 
flat-plates and developable shells but become less accurate for 
doubly curved shells where a non-linear stability analysis is 
required.
Due to the uncoupling of monbrane and flexural actions in a 
flat plate, the element load-displacement relationships can be 
written as
R K 0 aem em w aem
- ★
Ref 0 Kef aef
-(4.39)
where subscripts on and ef refer to element membrane and flexural 
actions respectively.
In non-linear analyses, the flexural stiffness matrix Kef* 
is dependent on the applied stress level and eqn. 4.39 can be 
re-written in the form
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R'em
Ref
K _ 0em em
+
0 Kef aef
-
0 aem
Kec aef
-(4.40)
where the matrix is the element geometric matrix that is a 
function of the applied stress level. Equation 4.40 can be expressed 
as
[R]e ^o-^e a^e^ + e a^e^ -(4.41)
The derivation of matrices [KQ]e and is given in Appendix 2.
Assembly of individual elements in the form of a shell 
requires transformation of the local co-ordinate axis system to a 
global axis system. As detailed in Appendix 3, the transformation 
matrix [T] for a global radial axis system, is
-(4.42)
where
U u
V V
W w
W 'x = [T] W,x
W r y W ^y
W ,  x y w,xy
ez
[T] =
and
Cl 0 SI 0 0 0
SIS 2 C2 -C1C2 0 0 0
-C2S1 S2 C1C2 0 0 0
0 0 0 C12C2 0 0
0 0 0 C3 C1C22 0
0 0 0 0 0 C12C22
0 0 0 -S2 -C2S1 0
Cl = cos (0-J3) C2 = cos ( )
SI = sin (9-J3) S2 = sin(cx-X)
C3 = C1*C2*S1*S2
-(4.43)
-(4.44)
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The global equilibrium equations can now be represented as
[K0 1 =
-T[T] [Ro le
-1[T] -(4.45)
[<y -
-T[T] [•We
- 1[T] -(4.46)
[R] = [R]e  [T] 1 -(4.47)
giving
[R] = [K0 ] fa > + t y  {a} -(4.48)
The solution of equation 4.48 to yield critical loads
involves the evaluation of [ y for an arbitrarily chosen load
intensity and introduction of a load factor X on this arbitrary 
load. Buckling loads are then determined by minimising the total 
potential energy of the system, which gives
{ [K0] + X [Ka] } {a} = 0 -(4.49)
Equation 4.49 represents the standard eigenvalue problem and the 
critical load is given by the lowest eigenvalue. Computer programs 
using the above mentioned formulation were developed; FELD for the 
determination of displacements and stresses, FEBSH to evaluate 
critical buckling loads, and METOR to generate finite element meshes 
for use with these programs. Eigenvalues were extracted using an 
eigenvalue solver described by Gupta [49] which uses inverse 
iterations in the solution process. This method was replaced by a 
more efficient eigenvalue routine that involved subspace iterations 
[50].
4.4 VERIFICATION OF COMPUTER ANALYSIS
4.4.1 Flat Plates
When transforming the local co-ordinate axes into a global 
axis system, as given by eqns. 4.45-48, the 9Z rotations must be 
suppressed when adjoining elements are co-planar and parallel to the
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local axis system. Failure to do so will result in a singular 
stiffness matrix.
In fig. 4.3 are shown displacements and stresses for a
partially loaded simply-supported square plate. Symmetry conditions 
were enforced to reduce the size of global matrices. Excellent 
agreement has been found between theory [51] and finite element
analysis for the deflections and moments. Generally, displacements 
will have greater accuracy than stresses as the latter are evaluated 
directly from the displacements.
The load-deflection response of an axially loaded pin-ended 
column with an initial imperfection of the form wQsin ( tt x/L) has 
been obtained using equation 4.48. Results are shown in figure 4.4 
for a slender column with ratios of w /t = 0.25, 0.5 and 1.0.
Excellent agreement has been found between the finite element
results and theory.
The accuracy of the flat-plate element is clearly seen in 
fig. 4.5. With one-quarter of the plate represented by a single 
element, the buckling load of a simply-supported square plate under 
end compression is remarkably within 0.4% of the theoretical value. 
Even better agreement is obtained with further refinement of the 
finite element mesh.
4.4.2 Arches
In-plane buckling loads of circular arches are known to be 
sensitive to the direction of the applied loading [37-41] . In the 
derivation of programs FELD and FEBSH, applied loads have been 
assumed to retain their original direction as the element deforms. 
For constant directional loads the critical circumferential stress 
of a built-in arch is [38]
orcr El 2
-(4.50)
where k tan cx cot kcx = 1
and o<is the included half-angle.
Results from the finite element analysis were found to be in
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agreement with eqn. 4.50 for a wide range of arch geometries, 
examples of which are shown in figures 4.6 and 4.7.
4.4.3 Cylinders
4.4.3.1 Long cylinder subjected to a radial line load
When long cylinders are subjected to discrete normal loads, 
local bending effects are developed at the point of application, and 
diminish rapidly away from this zone. For a load uniformly 
distributed along a circular section [51], the radial displacements 
dissipate at a distance of 1.6it/p from the load, as shown in fig. 
4.8. The maximum displacement occurs under the load and has a 
magnitude of PR^J3/(2Et) . Bending moments follow a similar pattern 
and have a maximum value of P/4p.
In fig. 4.8 excellent agreement is observed between the 
finite element results and theory with a coarse finite element mesh.
4.4.3.2 Short Cylinders Subjected To Uniform External Pressure
Cylinders that are much longer than 2.4 / Rt , pre-buckling 
stresses can be obtained from membrane theory without significant 
loss of accuracy. For very short cylinders, bending effects dominate 
the structure's response to load, as shown in figs. 4.9 and 4.10. 
The interaction of end bending effects gives rise to a meridional 
stress profile that differs markedly from that assumed in the 
development of standard buckling equations, such as given by eqn. 
4.22. Buckling pressures of short cylinders are much greater than 
those predicted using traditional formulas.
The buckling load of a short cylinder having Z = 19 was 
determined using FEBSH with symmetry conditions enforced to minimise 
the number of degrees of freedom. The shell was modelled as a 
circular panel of height L/2 and arc angle rc/m. The critical 
buckling load was found iteratively by identifying the wavenumber 
that minimised the buckling load, as shown in fig. 4.11. Despite the 
coarse representation of the stress profile, where stresses are 
taken to be constant within an element, buckling loads are only in
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error by 2.9%, relative to theory [4], with a 4x4 element mesh.
Results were within 2% with a 6x6 element mesh. Buckling loads 
evaluated from equation 4.23 were very conservative, being 30% lower 
than the more accurate value, for this short cylinder.
Results show that application of equations 4.22 and 4.23 to 
short shells will give conservative predictions for the buckling
load. Pre-buckling rotations become significant only when bending
effects govern cylinder behaviour [52]. For short cylinders, the 
critical external pressure can be calculated using the results of 
[4] which have been derived from shell bending theory. It has of 
course been shown that the finite element program FEBSH gives
accurate results in all cases.
4.4.3.3 Buckling of Cylinders Subjected to Non-Uniform External
Pressures
The stability of cylinders subjected to non-uniform external 
pressures has been studied by Almroth [53]. The pressure 
distribution, as shown in fig. 4.12, was defined by
P(®) = P0 + Pi cos e -(4.51)
and 9 = P]/ ( PQ + P1 ) -(4.52)
and was applied over a length b (fig.4.12) in the range 0.1 L to L, 
for values of the non-uniformity factor p in the range 0 to 1 .
Under a band of uniform circumferential pressure, buckling 
loads are seen to increase as the ratio b/L decreases (fig. 4.13). 
This increase is small for b/L in the range 0.5 to 1.0, whereas 
significant increases are obtained with much smaller ratios, 
reaching 4.5 pc at b/L = 0.1.
As shown in fig. 4.14, buckling loads also increase as p 
increases, the magnitude of which is seen to be linked to the 
wavenumber (fig. 4.15). The increase is most pronounced in long 
cylinders which characteristically have small wavenumbers. In 
shorter cylinders (L/R=ti;) where the wavenumber is much greater, the 
effect is less pronounced and the increase is only of the order of 
15-20%. The peaking behaviour is most severe for cylinders with low
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wavenumbers and is caused by sudden changes in the c r it ic a l  number 
o f circumferential buckles.
In a ll cases examined, excellent agreement has beeen found 
between the fin ite  element results using program FEBSH and theory, 
as illustrated in figures 4.13 and 4.16.
4.4.4 Summary
The fin ite  element analysis described in section 4.3 has also 
been compared against solutions for:
(i) The non-linear behaviour o f cylinders under axial 
compression, internal pressure and axial compression, and 
switch loads.
( i i )  Buckling of ax ia lly  loaded columns and ring-stiffened 
cylinders, these analyses incorporating the beam element.
( i i i )  Cylindrical panels subjected to uniform external 
pressures
In a ll cases, excellent agreement has been found between 
theory and fin ite  element solutions. For accuracy, i t  is  necessary 
to d iscrétisé  the structure such that each buckle half-wave contains 
at least 4 elements; this w ill generally ensure results within 2% of 
the correct solution. Best results are obtained with square 
elements, although l i t t l e  accuracy is lost when the ratio o f element 
sides fa l ls  below 2:1. When more than four elements are used, the 
error diminishes rapidly toward zero.
4.5 INFLUENCE OF CYLINDER BOUNDARY CONDITIONS
Early researchers [8,9] recognised that boundary constraints 
can improve the buckling resistance o f cylinders subject to external 
pressure, but this e ffe c t  was often disregarded. It was considered 
[27] that the influence o f boundary conditions was o f a local 
nature, and that the magnitude of the e ffe c t  on the buckling 
strength was neg lig ib le . Recently, factors for the increase in 
buckling loads arising from end f ix i ty  have been included in some 
structural codes, such as DASt-Richtlinie 013, where c r it ic a l
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buckling loads are expressed in the form
P = Cb p -(4.53)
cr c
where pc is the buckling pressure of a classical simply-supported 
cylinder (eqn. 4.23), and is the restraint parameter. This factor 
has a value of 1.0 for radial and tangential constraints at both 
ends and 1.5 for additional axial restraints [14]. The underlying 
assumption behind these values is that the restraint is considered 
to be totally rigid. In practice, restraints have finite stiffnesses 
and a graphical solution has been proposed in [7] for some 
structural configurations.
The buckling mode of medium to long cylinders is profoundly 
influenced by the axial restraint acting at the boundaries. As 
discussed in Chapter 3, tests effected on two full-scale tanks 
showed that skirts and and caps provide some measure of axial 
restraint at the attachment point. Finite element techniques have 
been used by the author in this thesis to investigate the buckling 
behaviour of cylinders with axial restraints k-^  and k2 at the lower 
and upper boundaries respectively. Results have been presented in 
fig. 4.17 for a buckling parameter pm defined by
Pcr
= ^  0.918 E (t/R)
—  —  - 0.636
-(4.54)
For all k1/k2 ratios, buckling pressures increase dramatically with 
relatively light restraint, reaching a maximum value with much 
stiffer restraints. As the ratio k^/k2 departs from one, symmetry of 
the buckle profile is lost, as shown in fig. 4.18. In all cases, 
increased buckling loads are attributed to modification of the 
buckle shape from the classical sinusoidal mode which represents the 
lowest energy state. Wavenumbers are also increased, and finite 
element analysis shows that they can be calculated from
mth = 2.74 J Cb R j~R^ -(4.55)
Using curve fitting techniques on the finite element results
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an expression for the buckling coefficient has been obtained for 
k 2 = 0  in the form
An = 1.0 + 0.067 Am L
E t
0.32
^ 0.23 -(4.56)
with m = 1.
For all k2A ^  ratios, the restraint parameter can be evaluated 
using
Cb 1-0 + è  Pm
m = 1
-(4.57)
where An 0.067
, 0.32
kjH L ^ 0.23
E t
-(4.58)
Values of determined from eqn. 4.57 lie within 3% of the more 
accurate finite element results. Similar agreement has been obtained 
with the results of [7], as shown in figure 4.19. These results can 
be directly applied to numerous practical problems, several of which 
are discussed in sections 4.5.1 and 4.5.2.
4.5.1 Buckling of Tanks Incorporating Short Skirts
Short skirts are comnonly attached at the lower end of 
elevated and ground supported cylindrical tanks to gain clearance 
for end caps or conical hoppers. The skirt has a high in-plane 
stiffness and offers the main cylinder some degree of axial 
restraint at the attachment point. Under the action of an external 
pressure the potential increase in buckling resistance, above that 
for an equivalent simply-supported cylinder, can be determined from 
eqn. 4.57 once the axial stiffness of the skirt has been evaluated.
Buckle development in the cylindrical shell induces a 
sinusoidally varying axial load acting on the skirt with wavenumber 
m, as shown in fig. 4.20. The axial stiffness of the skirt under 
this loading can be determined analytically from a long wave bending 
analysis [54], Here, only the major structural effects of
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circumferential bending and axial stretching are considered [54,55], 
resulting in a simplification to Donnell's equilibrium equation, 
which becomes
4 a 2 2d wm + nr (m -1) D wm = 0
dx4 E t R6
-(4.59)
in which w = E  wm cos(me) -(4.60)
A general solution is obtained for each fourier term of the form
r , . - TCX/Uwm = [ ( C i  cos TCx/p + c2 sin re x/p ) e
/ V Ttx/p .+ ( C3 cos Tt x/p + C4 sin Ttx/p ) e J v^Q -(4.61)
where the meridional half-wavelength for this mode is
* 1 0.25
r =  rc 4 E t R° 
m4 (m2-l) 2D -(4.62)
Stress resultants and in-plane displacements can be evaluated
from
Nxm = -E t: R d2wm
n/> dx2 -(4.63)
NxOn = E t R2
nr1 dx3 -(4.64)
Mem = Dm'
>* wm m -(4.65)
R2
°m - — ,1i dw^ + (2+V) _R2 — > )m2 '^ dx m2 dx3 / -(4.66)
vm = -  1f - v_R_2 d2w ' -- m )m i m^ dx2 i1 -(4.67)
The deflected shape can be found from eqn. 4.61 by satisfying
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appropriate boundary conditions. Because the long-wave wavelength is 
so long, it is always necessary to satisfy two boundary conditions 
at each end of the shell. In practice, short skirts commonly have a 
stiffening ring attached to the free end to maintain circularity. 
Under such conditions, circumferential displacements are 
substantially restrained by the stiffening ring at the free end, and 
by the shell at the point of attachment. Appropriate boundary 
conditions can then be expressed as v=0 at both ends and Nx=0 and 
Pcos(m©) for the free end and attachment point, respectively. 
Solution of equations 4.61 and 4.63-67 for these boundary conditions 
results in an expression for the skirt stiffness, kg , published by 
the author [15] as,
q 0.5 9
ks = - E m (itr-1) ( F z - 2Fc1 + 1 ) -(4.68)
X ( R/t)1,5 ( A - B)
in which
A = - (1+g) (F2-l) + 2Fs' (1-g)
B = (2+V) g 2Fs'(l+g) + (F2-l)(1-g) 
V
21X 1 - / 1 1  
F = e '
g = 2 v -rt 2 R2 
m2 p2
c'= cos 2it ls /p
s' = sin 2vc ls /p
0 0.25
X = [3(1-V2) ] = 1.285
- . 0.5 R_ R
t
P 8.08
m(m2-l)0*5
Comparison of eqn. 4.68 with finite element results shows 
that excellent agreement exists for skirts of practical dimensions
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(fig. 4.21). This solution remains valid within the range m < / R/t, 
although some loss of accuracy occurs as m approaches this limit. In 
chapter 3, these solutions were used to evaluate buckling loads of 
two fermentation tanks incorporating short skirts, and were found to 
agree with the more accurate finite element results.
4.5.2 SIMPLY-SUPPORTED MULTI-COURSE TANKS
In practice, most tanks and silos are constructed from a 
number of curved plates of different thickness, tapering to thicker 
courses at the base of the structure. This form of construction 
allows for efficient use of material in resisting the effects of 
non-uniform loading. General expressions for the critical external 
pressure of cylinders, as given by eqns. 5.22-24, have been 
formulated on the assumption that the shell is of uniform wall 
thickness. For multi-course tanks, buckling loads can be determined 
from finite element analyses, or a graphical technique described in 
[16]. Using results from previous sections, an analytical approach 
suitable for use in design has been developed.
Depending on the axial variation of plate thickness, the 
cylinder can partially buckle (fig. 4.22a) in the thin-walled upper 
courses when the thickness of the uppermost course, t , is much 
smaller than the wall thickness at the base, t-^ , or develop buckles 
over the full height when tu equals t^ (fig. 4.22b). Examination of 
possible buckling modes indicates that buckling pressures can be 
estimated by analysing an equivalent cylinder of length leff and 
thickness t0g, which in turn is supported on a short skirt of length
1s=L_1eff•
Within the buckled zone the important shell parameter is the 
flexural stiffness of the wall. If it is assumed that the deformed 
shape is the same for variable as it is for constant properties, 
then it follows from energy considerations that the average flexural 
rigidity can be obtained from [56]
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[EIf] av -(4.69)
This gives a value for an equivalent thickness in the buckled zone 
as
‘ef f
(teq) 3 _
3 ?tJ (x) s m “6 Ttx dx
-eff -eff
-(4.70)
For multi-course tanks, this reduces to
x - sin 2îtx/leff h  '
2 4 u / l eff
Xj-1.
-(4.71)
Equating the axial stiffness of cylinders with constant and 
variable wall thicknesses, the effective thickness of the shell in 
the unbuckled zone is then given by
ts E
j =  m - k
l -1
-(4.72)
An appropriate value of can be found from eqns. 4.57 and 
4.68 using shell properties ts and ls , with wavenumber equal to
ms
-(4.73)
The critical buckling load can then be evaluated using the following 
procedure
(a) assume a value of leff and calculate teg from eqn. 4.71.
(b) determine the buckling load of a simply-supported cylinder of 
length leff and thickness t0g.
(c) for the unbuckled shell segment, calculate ts from eqn. 4.72.
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(d) using eqn. 4.68, calculate the in-plane stiffness kg of the 
unbuckled segment having shell properties 1 , ts and ms.
(e) use eqn. 4.57 to calculate Cb with L=leff and t=teg
(f) the buckling load of the effective cylinder is Pcr= Cbpc .
(g) the correct buckling load is then obtained iteratively by 
minimising pcr with respect to leff.
This procedure appears complicated, but does lend itself to 
solution on programmable calculators or mini-computers. Buckling 
loads predicted from this analytical method compare well with 
results given in [16], as shown in fig. 4.23. When buckles develop 
over many plate courses some loss of accuracy is observed, arising 
primarily from the assumptions made in calculating t^.
4.6 BUCKLING OF STIFFENED CYLINDERS
The stability of cylindrical shells can be significantly 
improved by the provision of ring stiffeners. Approximations for the 
buckling pressure can be obtained by transforming the ring stiffened 
cylinder into an equivalent orthotropic shell.
For shell wall construction that is not symmetrical relative 
to the shell middle surface, there is a coupling between extensional 
forces and curvature change and between bending moments and 
extensional strain. Consideration of these effects leads to 
modification of the Donnell equilibrium and stability equations, 
giving [21,57]
C11 r2 u 'xx + C33 u'90 + (C12'k:33) R v 'x9
0 -(4.74)
(C12+C33) R u'x0 + C 33 r2 v 'xx + c22 (v'0e+w'e)
“ C25 W/eee - 0 -(4.75)
R
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4^4 w'xxxx +_^_^45"k 6^6^  w 'xx0© +_1_^55 w,9©ee
+ l  
R
C12 u 'x  +_1_C22 (v '0 +w> 
R
-  C 1A u,14 u ' xxx
~ 1 C25 (v'eee+2w'ee^  _ Nxo w'xx ~ iLNx0o w 'x©
R3 R
_LN0o w'ee ~ 0 -(4.76)
where the C— are s t i f f n e s s  parameters fo r  the combined a ctio n  o f 
the s t i f fe n e r s  and sk in . The s t i f fn e s s  param eters are given  by the 
fo llow in g expression s [21]
:Li  -  C + Es Ag C22 - C + Er  Aj.
c12 " vC C33 = (1-V)C/2
C14 “ es Es C25 — 6  ^ Er Ar —(4. 77)
C44 -  D + Es (Is +Ase s 3) -  D + Er (Ir +Ar er )^
C4 3  - VD ^ 6 6  ~  (1-V)D + 0.5 / Gg Jg + Gr Jr
ds dr
where su b scrip ts  s and r re fe r  to s tr in g e r s  and rin g s  r e s p e c t iv e ly ;  
I g and I are moments o f in e r t ia  o f the s t i f f e n e r  cro ss  sectio n  
about the s t i f fe n e r  ce n tro id a l a x is ;  and the e c c e n t r ic i t ie s  e g and 
e r rep resen t the d ista n ce  from the s h e l l  middle su rfa ce  to the 
cen tro id  o f the s t i f fe n e r  cro ss se c tio n  (see f i g .  4. 24) .  The 
s t i f f n e s s  parameters C-^ and C25 are  p o s it iv e  fo r  e xtern al 
s t i f f e n e r s .
For a sim ply-supported cy lin d e r su bjected  to a uniform 
e xtern al pressure we have
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Nxo = Nxeo = 0 -< 4' 78>
Neo = - p R
The displacements u, v, w must be periodic in 0 and
w = w,vv = v = u v = 0 a t  x=0,L -(4.79)AA f X
Solutions of the form
u = A cos rt x sin m9 
L
v = B sin tc x cos m9 -(4.80)
L
w = C sin Tt x sin m0 
L
are seen to satisfy the differential equation and boundary 
conditions. Introduction into eqns. 4.74-76 and re-arrangement gives
all A + a12 B + a13 C = 0
a12 A + a22 B + a23 C = 0 -(4.81)
a13 A + a23 B + (a33-P) C = 0
where
lll TtR
L L.
2 Cu  + m2 C33
ai2 _ m i t  R
L L J
 ^C 12 + C33 ^
a13 ” “ rcR C12 " tcR
L l j L L.
13 '14
R
-(4.82)
22
L L l
2 r . r 
u 33 m u 22
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tçR]4 C44 + 2 fixRl2 ic45+c66^ + C55
P = p R m 2
For a non-trivial solution to eqns. 4.81, the determinant of the 
coefficients A, B, C must be zero, giving an expression for the 
critical load
The critical pressure is obtained by minimising pc with respect to 
the wavenumber m.
The applicability of this form of analysis to the buckling of 
short, lightly stiffened shells has been investigated by the author 
[20] . Two structural configurations have been examined in which 
simply-supported cylindrical shells are stiffened with either a 
single stiffener at mid-height (fig. 4.25), or with two identical 
stiffeners at the third points, L/3 and 2L/3 (fig. 4.26). In both 
cases the stiffeners have been positioned symmetrically with respect 
to the shell's middle surface. Comparisons between finite element 
results and orthotropic theory show the latter to adequately predict 
the buckling pressure for both stiffener configurations when the 
failure mode is one of general instability. When the flexural 
stiffness of the rings exceeds a critical value ( ^ c r *  the 
interframe instability mode is mobilised and orthotropic theory 
over-estimates the buckling pressure. The interframe instability 
mode is sinusoidal in shape with the stiffeners acting at nodal 
points. Consequently, buckling loads cannot be significantly raised 
by increasing the size of the stiffeners beyond U r)cr*
Pc =_J_
D  m  2R m -(4.83)
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Curve fitting techniques were used on the finite element results to 
develop an expression for the critical stiffness, giving [32]
« V c r
R2 L2 { Pr.. - P^. >'ll
N 0-5 5 ^ R/t 12 E -(4.84)
where N is the number of intermediate circumferential stiffeners
(excluding the base and the roof), p is the local buckling
c ii
pressure of the panels between stiffeners, and p is the buckling
i
pressure of a cylinder without circumferential stiffeners. Results 
for (Ir)cr using eqn. 4.84 are shown in figure 4.27 to give good 
agreement with theory for values of N up to nine. Equation 4.84 can 
be further simplified on substitution of eqn. 4.23, and with 
equal to 1.0, yields
(Trier = 0-077 t3 L N 0,45 -(4.85)
where the critical flexural stiffness is independent of the shell 
diameter and directly related to the stiffener spacing and flexural 
stiffness of the wall.
While it is clear that the flexural properties dominate 
behaviour, the influence of stiffener area Aj. on the critical 
pressure has been examined; the stiffeners were assumed to be placed 
symmetrically relative to the shell's middle surface, and results 
are presented in Table 4.1. For a practical size of ring stiffener, 
the increase in the buckling load above that of a frame for which 
the extensional energy has been neglected is about 3%. Kendrick [26] 
states that the maximum increase can be as high as 8%, but such 
large areas are probably impractical. The flexural rigidity of the 
stiffeners clearly dominates the buckling performance of ring 
stiffened cylinders.
The placement of ring stiffeners eccentrically with respect 
to the shell's middle surface is structurally beneficial due to an
. . . . . 9increase in stiffener inertia of magnitude Arer . Here, the 
stiffener cross sectional area plays an important role in resisting 
the de-stabilising forces. With the stiffener inertia kept constant, 
external stiffening has been shown [22] to yield lower buckling 
loads than that obtained for stiffeners of zero eccentricity when Z
182
is greater than 500. This e ffe c t  is inverted for values o f Z less 
than 100. Consequently, c r it ic a l  flexural r ig id itie s  determined from 
eqns. 4.84 and 4.85 w ill be in error by a maximum value o f 1^0% when 
stiffen ers are positioned eccen trica lly .
If ring stiffen ers  are placed asymmetrically relative to the 
cylinder height, orthotropic theory can s t i l l  be used to evaluate 
buckling pressures. This is achieved by transforming a ll stiffeners 
into an equivalent stiffen er located at cylinder mid-height. The 
approximation for an equivalent stiffen er can be written in the 
form,
N 2Ie f f  = E  : i sin  ^ u x i -(4.86)
i = 1 L~~
Finite element techniques were used to investigate the 
buckling behaviour o f a simply-supported cylinder having a single 
stiffen er positioned asymmetrically relative to the height, and 
results are shown in f ig .  4.28. For ring stiffnesses below the 
c r it ic a l  value given by eqn. 4.85, the buckling mode is 
predominantly sinusoidal in shape (f ig . 4.29a) and the equivalent 
stiffen er approach gives reasonable predictions for buckling 
pressures, with a maximum error o f 5%. When ring stiffnesses exceed 
the c r it ic a l  value, buckling modes become more complex (f ig . 4.29b) 
and use o f equation 4.86 w ill over-estimate buckling loads.
During construction, cylindrical shells are commonly 
unrestrained around the upper edge and are then very vulnerable to 
buckling under external pressures such as created under wind action. 
Buckling loads o f clamped-free cylinders have been shown in [14] to 
be 0.6 times that o f an equivalent simply-supported cylinder. Finite 
element studies have shown that light stiffen ing is su ffic ien t to 
eliminate this potential mode (f ig . 4.30) and an expression for 
(Ir ) cr can be obtained from equation 4.84 in the form
( ! r )cr  = 0-048 t 3 L -(4.87)
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4.7 IMPERFECT CYLINDERS UNDER UNIFORM EXTERNAL PRESSURE
4.7.1 Stress Analysis
An elastic stress analysis was used to examine the behaviour 
of an imperfect cylinder under external hydrostatic pressure, with 
an imperfection of the form (fig. 4.31)
w = dQ sin Ttx cos m0 -(4.88)
L
In fig. 4.32 are shown displacements and membrane stresses 
developed in a squat cylinder with imperfection amplitudes d^/t 
equal to 1, 2 and 5. Under hydrostatic pressure, the initial 
imperfections have led to dramatic changes from the stress state 
developed in perfect circular cylinders. For all d ^ t  ratios, 
significant redistribution of the axial load has occurred due to a 
reduction of membrane stiffness across the panel. Similar 
observations were recorded during testing of tanks A1 and Bl, where 
measured values of meridional stress prior to buckling were found to 
lie in the range -6 < Q^/(pR/2t) < 6.
4.7.2 Initial Post-Buckling Behaviour
The imperfection sensitivity of cylinders under hydrostatic 
pressure has been studied by several researchers; Budiansky and 
Amazigo [58] solved this problem through asymptotic analyses, 
Amazigo and Frazer [59] refined the analysis to investigate the 
effect of dimple shaped initial imperfections and Yamaki [3] solved 
the problem, firstly by applying the Galerkin method to Donnell's 
equations and secondly, using a fourth order asymptotic analysis.
In [3], it was shown that critical loads estimated by the 
fourth order asymptotic analysis were in agreement with more 
accurate analyses for modal imperfection amplitudes d ^ t  up to 2.0. 
Evidence was given to support the idea that imperfections only in 
the shape of the true buckling mode were required to assess the 
degrading effect of initial imperfections on the buckling of clamped 
cylindrical shells under hydrostatic pressure.
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Applying curve fitting techniques to the fourth-order results 
of Yamaki [3], the imperfection sensitivity factor can be simply 
expressed as
Cs 1.0 1 0.5
L t
-0.16
Z -(4.89)
which is shown in fig. 4.33 to be in good agreement with more 
accurate solutions.
4.8 CONCLUSION
A finite element analysis suited to the solution of 
developable shell problems has been described. In the derivation, it 
has been assumed that the shell can be represented as a collection 
of discrete flat elements, this becoming a true representation in 
the limiting case. With this approach, the uncoupling of membrane 
and bending actions within each element allows relatively simple 
element formulation. A 28 degree-of-freedom shell element has been 
generated from superposition of a 16 degree-of-freedom rectangular 
flat plate bending element and a plane stress element with a 
bi-linear displacement field, and transformed into three dimensions. 
Computer programs incorporating this element were developed for the 
linear stress and stability analysis of shells, and was found to 
give excellent agreement with available theoretical solutions.
The finite element programs were used to investigate the 
influence of end restraint on buckling loads of cylinders under 
uniform external pressure. For shell geometries satisfying Z > 200, 
cylinder buckling characteristics were significantly affected by the 
presence of elastic axial end restraints. Buckling loads ware 
observed to increase rapidly with relatively light axial restraints. 
A 50% increase in buckling resistance was achieved when rigid 
restraints ware applied at both ends of the cylinder. A buckling 
parameter that relates the improved buckling strength to that of a 
simply-supported cylinder has been defined, and shown to be 
applicable for all combinations of elastic end restraints.
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The determination of critical external pressures acting on 
complex shells of cylindrical form is difficult, and is best 
achieved using finite element analyses. Guidelines for a much 
simpler solution are given in pressure vessel codes which requires 
the determination of an effective cylinder length; the latter is 
then fed into standard buckling formulas for simply-supported 
cylinders. Better predictions for the buckling load are obtained 
with a more realistic value of effective length, and also when the 
influence of end restraints are considered. End caps and short 
skirts provide significant axial restraint at the cylinder end. An 
expression for the axial stiffness of a short skirt under harmonic 
axial loads has been derived and subsequently used in predicting 
buckling loads of two full-scale fermentation tanks. Finite element 
results agreed with these predictions, showing that accurate results 
can be obtained for complex shells by including the positive 
structural benefits provided by end caps and support skirts. 
Guidelines given in structural codes are conservative and require 
revision to give more accurate buckling predictions, especially for 
torispherical pressure vessels.
Using the results for the improved buckling performance of 
cylinders in the presence of end restraint, and the axial stiffness 
of a short skirt, a design method has been developed for calculating 
the buckling load of multi-course tanks.
Tanks of varying wall thickness may show partial buckles when 
large thickness variations exist. With smaller variations they may 
buckle over the full height of the cylinder. Estimates for the 
critical external pressure have been obtained by transforming the 
partially buckled cylinder into an equivalent cylinder of uniform 
wall thickness, which is supported on a short skirt of length equal 
to the unbuckled cylinder length. Buckling loads were then obtained 
iteratively by minimising the critical pressure with respect to the 
buckle length, and results derived from this method compared 
favourably with accurate solutions using finite element analysis.
The buckling resistance of cylinders can be significantly 
improved by the introduction of stiffeners. Under the action of 
external pressure, relatively light ring stiffening has been shown 
to be very beneficial, whereas practical numbers of meridional 
stiffeners have little effect on buckling performance. Over a
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critical stiffener inertia, no increase in buckling pressure occurs, 
because of interframe buckling. An expression for the critical 
stiffener inertia has been presented, and is related to the flexural 
stiffness of the shell wall and the number of stiffeners. In the 
foregoing analysis, ring stiffeners were assumed to be placed 
symmetrically relative to the cylinder height. When stiffeners are 
positioned asymmetrically, orthotropic theory can be used to predict 
buckling loads by transforming the ring stiffener into an equivalent 
stiffener located at cylinder mid-height. Buckling loads determined 
from this approach agree with finite element results for stiffener 
inertias below the critical value, and over-estimate the critical 
pressure when larger stiffener inertias are considered.
A linear stress analysis of an imperfect cylinder, under 
hydrostatic load, demonstrated a significant redistribution of axial 
load when the imperfection magnitude was five times the wall 
thickness. Similar observations were recorded during testing of two 
full-scale fermentation tanks.
In the past, simply-supported cylinders under external 
pressure were considered to be imperfection insensitive. However, 
recent theoretical studies have disproved this claim and have shown 
that shorter cylinders are imperfection sensitive; the effect is 
reduced in longer cylinders. A simple expression is proposed for the 
imperfection sensitivity parameter, Cs, following an examination of 
published results on the initial post-buckling response of cylinders 
under external pressure.
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12(l-^2)Ir/t3L
Ar/tLf 0.000 0.303 0.607 0.910
0.00 F.E. 4.966 7.850 10.19 12.51
Orhto. 4.951 7.918 10.38 12.83
0.01 F.E. 5.017 7.958 10.32 12.55
Ortho. 4.953 7.918 10.38 12.83
0.10 F.E. 5.058 8.052 10.46 12.76
Ortho. 4.963 7.934 10.40 12.85
q = R (l-^2) pc /Et
TABLE 4.1: EFFECT OF STIFFENER AREA ON NON-DIMENSIONAL
BUCKLING LOAD q (x 10~5)
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FIG. 4.9 STRESSES DEVELOPED IN A SHORT
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FIG. 4.10 HOOP STRESSES IN A SHORT CYLINDER
UNDER EXTERNAL PRESSURE
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FIG. 4.11 RELATIONSHIP BETWEEN CRITICAL LOAD
AND WAVENUMBER
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FIG. 4.12 NONUNIFORM PRESSURE ON CYLINDER
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F IG .4.13 CYLINDER SUBJECTED TO A BAND OF
UNIFORM PRESSURE
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FIG .4.14 BUCKLING PRESSURES - NON UNIFORM LOAD
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FIG.4.16 BUCKLING MODE OF CYLINDER UNDER 
NON-UNIFORM PRESSURE
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FIG.4.20 SHORT SKIRT WITH FUNDAMENTAL
HARMONIC m OF BUCKLED CYLINDER
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FIG. 4.22 BUCKLING OF MULTI-COURSE TANKS
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FIG. 4.23 COMPARISON OF BUCKLING PREDICTIONS 
FOR MULTI-COURSE TANKS
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FIG. 4.24 SHELL WALL CONSTRUCTION OF A STIFFENED
CYLINDER
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FIG . 4 .25  BUCKLING LOAD VERSUS RING STIFFNESS 
FOR A SINGLE FRAME IN THE MIDDLE OF THE SHELL
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FIG. 4.26 BUCKLING LOAD VERSUS RING STIFFNESS 
FOR TWO IDENTICAL FRAMES AT L/3 AND 2L/3
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FIG. 4.28 RELATIONSHIP BETWEEN STIFFENER POSITION
AND BUCKLING LOAD
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FIG. 4.29 BUCKLING MODES OF A CYLINDER WITH STIFFENERS
IN ASYMMETRIC POSITIONS
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FIG. 4.30 BUCKLING LOAD OF EDGE STIFFENED
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FIG. 4.31 IMPERFECT CYLINDER
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F IG .4.32 DISPLACEMENTS AND STRESSES IN IMPERFECT
CYLINDERS
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FIG. 4.33 IMPERFECTION SENSITIVITY OF CYLINDERS
UNDER EXTERNAL PRESSURE
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CHAPTER 5
WIND INDUCED INSTABILITY OF SILOS AND TANKS
5.1 INTRODUCTION
Buckling of steel silos under wind action has emerged as an 
important technological problem, because of the slenderness of the 
wall of practical structures, and is even more significant when 
steels of higher strengths are used. Failure of closed or 
open-topped silos can occur with the structure partially full or 
empty, with the development of several buckles on the windward side. 
The prevention of partial collapse at the construction stage can be 
of utmost importance, as the absence of the roof structure, or 
bracing that is yet to be positioned, makes the incomplete silo most 
vulnerable to wind action. It is sometimes considered that wind 
buckling need not be considered as a problem of safety because local 
wrinkles in the shell, as a result of wind action, may not cause 
total collapse. However, the repair of wind damaged tanks is 
expensive and for economic reasons, reliable design guidelines are 
urgently required.
Despite the wealth of theoretical and experimental data on 
the buckling behaviour of ideal cylinders under uniform external 
pressure there exists little data on cylinders buckling under 
non-uniform pressures. More specifically, theoretical solutions for 
predicting the critical wind velocity of isolated silos differ 
markedly from available experimental data, and from each set of 
experiments vastly different conclusions have been drawn on the 
buckling characteristics of silos under wind action. Furthermore, 
little attention has been focussed on silo groups which is a more 
critical buckling problem than that of the isolated silo. In this 
chapter, the wind buckling characteristics of isolated silos and 
silo groups are examined using finite element analyses described in 
chapter 4, and this behaviour has been translated into a set of 
rational design guidelines.
An initial study of the buckling response of cylindrical 
shells to non-uniform external pressures was conducted in 1962 by
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Almroth [1]. In the paper a linear buckling analysis of a circular 
cylindrical shell loaded by a non-symmetric pressure p(0) = 
p-j^+P2COS(9) was described. Results indicated that the buckling 
strength of cylinders improved as the ratio P 2/P1 increased. Using a 
similar formulation, Maderspach et.al. [2] investigated the wind 
buckling characteristics of simply-supported cylinders, with a 
pressure distribution obtained experimentally for flat-top cylinders 
[3]. The critical stagnation pressure, pw , of isolated cylinders was 
found to be much larger than the critical uniform external pressure, 
pcr. Similar conclusions were reached for clamped-free cylinders [5] 
using a wind pressure distribution typical of tall chimneys [4], and 
also for open-topped cylinders [6]. This latter situation can 
develop during construction and represents an important design 
problem. The above results showed that the design approach based on 
the assumption of a uniform pressure equal in magnitude to the 
stagnation pressure was very conservative, being in error by a 
factor of at least 1.6.
Experiments were also conducted at Loughborough [7,8] and 
agreed with theory in that wind buckling pressures evaluated on the 
assumption of uniform pressure equal in magnitude to the stagnation 
pressure were conservative. However, theoretical wind buckling 
pressures were found to be consistently higher than measured values. 
Design guidelines were formulated from the experimental data for 
predicting wind buckling pressures of cylinders having differing end 
conditions. Further tests on small-scale cylinders in the range m ^  
less than 10 (long, thick-walled cylinders) , have shown [9] the 
windward generator to undergo significant radial deformation prior 
to buckling. At wind speeds just below the critical value, 
equilibrium was just maintained despite the large deformations. 
These observations highlighted the importance of pre-buckling 
deformations for shells of geometry similar to the test cylinders. 
These tests resulted in minor alterations to the original guidelines 
given in [7,8].
Wind buckling experiments were also conducted by Resinger and 
Greiner [10,11] on small-scale models with geometries satisfying mt^ 
greater than 16 (squat, thin-walled cylinders). Results have been 
presented on the basis that the non-uniform wind pressure can be 
transformed into an equivalent uniform external pressure. Design
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recommendations have been given for cylinders with characteristic 
wavenumbers greater than 10, but this formulation differs markedly 
from those given in [7,8], Results in [7,8] show that the ratio 
pw/pcr increases as the characteristic wavenumber increases
(cylinder becomes shorter and/or thinner), whereas in [10,11] this 
trend is reversed with values of Pw/pcr reducing as mt^ increases.
More recently, Uematsu and Uchiyama [12] have conducted wind 
buckling tests on small polyester-film models. Pre-buckling 
deformations were observed to be strongly influenced by the shell 
geometry and pressure distribution. Initial deflections in long 
cylinders were significantly amplified as the wind speed approached 
the critical value, whereas in shorter shells with higher 
characteristic wavenumbers the deflection components of higher 
circumferential modes became dominant. These observations further 
emphasise the importance of prebuckling deformations and indicate 
that tall cylinders are more imperfection sensitive than shorter 
cylinders. Expressions for the critical stagnation pressure were 
derived from the test results, and these had a form similar to those 
given in [7,8].
With the advancement of finite element techniques, several 
numerical studies have been undertaken [13-15] to examine the 
non-linear behaviour of cylinders under wind action. When initial 
geometric imperfections similar to the buckling mode are present, 
pronounced non-linear behaviour is observed which results in 
significant reductions to the buckling load of perfect vessels. For 
closed cylinders the imperfection sensitivity of the wind loaded 
shell was practically identical to that observed under uniform 
pressure. For open-topped cylinders, buckling pressures of perfect 
cylinders [14,15] were found to be sensitive to pre-buckling 
deformations and were reduced by 65%. Imperfections in the shape of 
the critical mode with a magnitude of five times the wall thickness 
further reduced this value to about 50%.
The dynamic component of wind action has mostly been ignored 
by researchers. Some experiments have shown that the effect is small 
[7,8,10,11]. Holroyd [16] has discussed the proposition that 
vibration, induced by turbulence in the air stream, could play a 
significant role in initiating the collapse of open-topped oil 
storage tanks in high winds. It was shown that vibrations can induce
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deformations much larger than those generated under quasi-static 
wind loads. As highlighted in earlier chapters, there still exists 
the problem of determining the relationship between modal shaped 
imperfections and deformations, and the buckling load. Further 
research on the relationship between wind induced vibrations and 
buckling is required, but sufficient experimental data is available 
to derive reliable design recommendations, as shown in this chapter.
Silos and storage tanks are commonly constructed using 
several plate courses of different thickness over the height. They 
are sometimes fabricated from corrugated sheeting and stiffeners. 
Design recommendations for cylinders of uniform thickness can be 
applied to multi-stepped tanks using the concept of an equivalent 
thickness, as described in [2,6,11,17,18,25] and in chapter 4. 
Solutions are given in [19,25] for corrugated sheet walls. The 
extension of these results to silo structures under wind loads is 
discussed in section 5.5.
Most research into the wind buckling characteristics of silos 
and tanks has been restricted to isolated cylinders. Following the 
failure of a silo group under wind action [20], a research program 
was initiated at Sydney University to investigate the failure of 
closely spaced cylinders. Experimentally, the critical stagnation 
pressure was found to be about 70% of the critical pressure 
calculated on the assumption of a uniform pressure equal in 
magnitude to the stagnation pressure. These observations have been 
theoretically verified in [21], where wind buckling pressures for 
silo groups were shown to be approximately 25% lower than for 
isolated silos. The reduction was attributed to the wider zone of 
positive pressure acting on the windward face when compared to an 
isolated cylinder. A general solution for the critical stagnation 
pressure, developed by the author, has been used in section 5.4 to 
examine the behaviour of a group of closely spaced silos and also 
compared against current design guidelines.
5.2 WIND PRESSURE DISTRIBUTION
A considerable amount of experimental data has been 
accumulated on the aerodynamic characteristics of flow around, and
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the fluid loading on, circular cylindrical structures. A good 
summary can be found in a review paper by Farrell [22]. Few 
experimental studies have attempted to adequately model the minimum 
requirements for the simulation of atmospheric surface wind flow for 
various terrain conditions. Therefore, little data is available for 
application to structures subjected to conditions of turbulent shear 
flow.
In contrast to the vast amount of experimental data on tall 
circular cylinders, there exists little data on wind loads acting on 
low to medium rise circular structures, as typified by storage bins, 
silos and tanks. Wind pressures around circular bins are dependent 
on the Reynolds number of the flow, and on the shear flow and 
turbulence characteristics, governed by the approaching terrain 
conditions. Also, wind pressures vary around the circumference and 
up the height of the bin and are influenced by the bin geometry 
[12,23,24], the arrangement of nearby structures, including other 
bins, and with the surface roughness of the bin.
Typical wind pressure distributions are shown in fig. 5.1a 
for an isolated cylinder, and in fig. 5.1b for a cylinder located 
within a group of six closely-spaced silos. For an isolated cylinder 
a zone of positive pressure acts over an arc of 60° to 80°, whereas 
in a grouped situation, this zone widens to 90° to 135°. In design, 
the pressure variation over the height of the tank is usually 
ignored. Internal pressures are developed when the silo is vented, 
giving rise to an extended zone of positive pressure. An internal 
pressure coefficient Cp. of 0.35 has been suggested in the absence 
of further data [25].
Following an extensive research program covering a wide range 
of cylinder geometries, the wind pressure distribution for an 
isolated silo can be represented by [26]
C p (9) = - 0.55 + 0.25 cos(9) + 0.75 cos(29)
+ 0.40 cos(39) - 0.05 cos(59) -(5.1)
where the reference wind speed is taken at eaves height. In a recent 
survey of Australian bins and silos by Pham [27] , it was found that 
the majority of steel bins have aspect ratios less than two, for 
which the proposed pressure distribution remains valid.
225
The phenomenon of wind buckling must be considered during the 
design process. Since a theoretical stability analysis for 
non-uniform external pressure is both time consuming and 
complicated, a simpler solution method is required for practical 
design situations. In the early 1970's, Vickery and Ansourian [20] 
treated the wind buckling problon by consideration of uniform 
pressure buckling. The method is generalised in the thesis to 
include the effects of silo geometry, support conditions and the 
influence of surrounding structures. More recently, Resinger and 
Greiner [10,11] have used a similar approach with a set of 
experimental data with results being restricted to isolated silos 
satisfying m ^  ^ 10. Both methods transform the variable wind 
pressure distribution into an equivalent uniform pressure, and have 
used the following reasoning.
If a large number of circumferential waves are formed within 
the zone of positive pressure (fig. 5.2a) under the action of wind, 
the response of the shell at the leading generator is similar to 
that under a uniform external pressure of magnitude equal to the 
stagnation pressure. If the number of waves is small (fig. 5.2b) it 
is argued that the average wind pressure acting over one buckle is 
smaller than the stagnation pressure and that the adjacent suction 
zone where the shell sustains circumferential tension also 
contributes a stabilising effect. The equivalent uniform pressure 
therefore has a value below the stagnation pressure. It thus appears 
feasible to transform the non-uniform wind pressure into an 
'equivalent' uniform pressure, to be used with standard buckling 
formulas. This concept has been adopted in several codes, such as BS 
2654 with a conservative value of equivalent pressure equal to the 
stagnation pressure and in DIN 4119 with one-half this value only, 
which might be too small for special cases.
Some theoretical investigations give values of 32% to 62% of 
the stagnation pressure for closed-top tanks [2,6], but have used an 
assumed buckling mode that is atypical of cylindrical structures. A 
reliable general solution capable of predicting buckling pressures 
for a wide range of cylinder geometries and group configurations is 
still required and is developed in this chapter.
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5.3 WIND BUCKLING OF ISOLATED SILOS
By employing the concept of an equivalent uniform external 
pressure to represent the non-uniform wind pressure distribution, a 
general expression for the critical stagnation pressure can be put 
in the form [21]
Pw ^b ^9 ^s Pc (5.2)T^-
where is a function of the axial boundary restraint, CQ is a 
function of the width of the positive pressure zone, Cs relates to 
the imperfection sensitivity of the cylinder, is a transformation 
factor for an equivalent uniform pressure and pc is the buckling
pressure of a simply-supported cylinder under uniform external
pressure. Of these, only and have a direct relationship to the 
non-uniform wind pressure distribution.
The major difference between wind pressures acting on 
isolated silos and silo groups is the width of the zone of positive
pressure acting on the windward face, as shown in fig. 5.1. An
investigation to determine the influence of the width of the 
positive pressure zone on the buckling characteristics of simply 
supported cylinders has been conducted using the finite element 
stability analysis described in chapter 4. The non-uniform wind 
pressure distribution was replaced by a band of uniform external 
pressure acting over the height of the shell and confined within an 
angular segment. Analysis shows (fig. 5.3) that when the zone of 
positive pressure subtends an angle at the axis of the cylinder of 
less than 240°, the buckling pressure of an ideal cylinder having Z 
= 1180 is significantly greater than under uniform pressure [21]. 
The ratio of the critical non-uniform external pressure, p^, to the 
critical uniform external pressure, pc , is 1.22 at 0 = 30° which is 
representative of an isolated cylinder under wind action, and 
reduces to 1.07 at 9 = 60° corresponding to a closely spaced 
cylinder group. Typical buckling patterns are shown in fig. 5.4 for 
subtended angles of 116°, 174° and 232°, where changes to the 
preferred buckling mode become greatest as the pressure zone 
narrows, and buckle development is largely confined to the zone of 
positive pressure.
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Further studies were conducted to investigate the influence 
of cylinder geometry on C0 (= pj;>/pc) and results are given in fig. 
5.5 for wavenumbers varying between 10 and 20. It is shown that 
buckling loads under non-uniform pressure increase as the wavenumber 
reduces, and is directly related to modification of the preferred 
buckling mode. Consequently, the buckling characteristics of 
cylinders with high circumferential wavenumbers will be similar when 
subject to uniform and non-uniform loads, unless acted upon by a 
very narrow band of positive pressure.
.Applying curve fitting techniques to this data, an expression 
for Cq is obtained in the form
C0 = 1.0 + J3 f180 \ l'25 -1 
i ~ l
>  1.0 -(5.3)
where p = 0.050 - 0.0023 m ^ -(5.4)
and -(5.5)
In deriving eqn. 5.3 it has been assumed that a linear
variation exists between C0 and mt^ for the range 10 ^ mt^ ^ 20.
Results [1] for a non-uniform external load of the form p^(l+cos0) 
show that the relationship between Pb/pc and mt^ consists of a 
series of cusps in which the difference between successive maxima 
and minima decreases as m ^  increases. Maximum errors of 3% were 
recorded in [1] for mt^ equal to eight and it is expected that
errors of a similar if not lesser magnitude have been introduced in 
eqn. 5.3 by assuming a linear variation between Pfo/pc and mt^.
Furthermore, when values of m ^  fall below 10, the relationship 
between Pj-/pc and mt^ becomes increasingly non-linear and has been 
ignored in the derivation of eqn. 5.3. Also, as mt^ becomes large C0 
asymptotes to unity and this has been reproduced in eqn. 5.3 by 
ensuring that C0 is always greater than or equal to one.
When detailed external pressure distributions are available, 
the transformation factor can be evaluated for a buckle area { by 
TtR/m^ using the Rayleigh-Ritz method and becomes,
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C„ = 4m/rc(
£ Tt/mr f p(0,x) sin2 m0 sin2 ttx/i d© dx -(5.6)
Po 0 0
where -(5.7)
With the parameters CQ and now defined the critical
stagnation pressure of isolated silos can be determined once the 
wind pressure distribution is specified. As CQ and Cu are both 
directly linked to the wind pressure, a new wind buckling parameter 
X (= Cu /Cq ) will be introduced. In fig. 5.6 are shown the variation 
of X with for published [11] wind pressure distributions acting 
on isolated silos. Similar trends are observed when X is normalised 
with respect to the pressure coefficient at 9 = 0°, and for the 
pressure distribution expressed in eqn. 5.1 we obtain from eqn. 5.2
Pw = cb cs Pc 
X
-(5.8)
where X = 0.43 + 0.017 ^ 1.0 -(5.9)
for mt^ greater than 10. Below this value conservative predictions 
for p^ will result. Equation 5.9 is in excellent agreement with 
experimental results given in [10], where X was found to be
X = 0.46 + 0.017 mth ^ 1.0 -(5.10)
Critical stagnation pressures evaluated from eqns. 5.9 and 
5.10 are found to differ by 5%, and in view of the variable nature 
of the wind pressure distribution, this difference is considered to 
be small. As illustrated in fig. 5.6, the variation of X with m ^  is 
better represented by equation 5.10, with (Cp)e=0 = 0.8, than by 
eqn. 5.9. Stagnation pressure coefficients for the wind pressure 
distributions were between 0.7 and 1.0, differences attributed 
primarily to the wind speed reference level. Following an extensive 
investigation of wind pressures developed around squat cylinders 
[26], a stagnation pressure coefficient of 0.8 has been recommended 
for wind speeds taken at eaves height. For design, the author
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recommends the use of eqn. 5.10 to predict wind buckling pressures 
of isolated silos, as it best represents wind buckling behaviour 
shown in fig. 5.6, and is slightly more conservative than eqn. 5.9.
In the case of vented cylinders where the internal pressure 
is G p p 0 (positive for internal vacuum), application of eqn. 5.2 
yields an expression for the critical stagnation pressure as
?w = cb Cs Pc -(5.11)
( X + C,,. )
" 1
In fig. 5.7 are shown results for the critical stagnation 
pressure and buckling mode of a simply-supported isolated cylinder 
under wind action. These results have been obtained using the finite 
elanent stability analysis described in chapter 4 in conjunction 
with wind pressures given by eqn. 5.1. Good agreement has been 
obtained with the predictions of eqn. 5.11 for internal pressure 
coefficients equal to 0.0 and 0.35, and even better agreement has 
been obtained with direct application of eqn. 5.2. The buckling mode 
consists of one half-wave in the meridional direction, whilst in the 
circumferential direction three full waves confined to a zone -50° 
from the windward generator are developed. The central buckle 
completely dominates the buckling pattern.
Results of the author's detailed finite element analysis have 
been compared with results of experiments at Loughborough [7-9] and 
Tohoku [12]. In the course of these experiments pre-buckling 
deformations were cited as being a major factor in the overall 
buckling behaviour of wind loaded cylinders for the geometries 
investigated.
From the early Loughborough tests an expression for the 
critical stagnation pressure was given as [7,8]
pw = X pc -(5.12)
where X varies according to the end boundary conditions, as shown in 
Table 5.1. With additional experimental data eqn. 5.12 was modified 
to [9]
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o. 1.4 X 0.3 Pc -(5.13)
More recently, tests conducted at Tohoku [12] have yielded an 
expression for the critical stagnation pressure in the form
Pw = 0.055 0‘46 j-R_j 0 a  pc -(5.14)
Experimental results from the test programs [7,8,9,10,12] 
have been plotted in fig. 5.8 where it is seen that the ratio Pw/pc 
increases with increasing for values of mt^ up to 11. Beyond
this value the trend is reversed, and the excellent agreement 
between predicted buckling pressures, obtained from eqn. 5.11 with 
Cs = 0.7, and the experimental results of [10] are clearly evident. 
In the range mt^ < 11, from which equations 5.12, 5.13 and 5.14 have 
been derived, several anpirical expressions are easily written for 
the experimental data. This illustrates, through the wide scatter of 
pressures, the sensitivity of the structures to initial
imperfections and pre-buckling deformations.
In fig. 5.9 the experimental data has been re-analysed to 
examine the variation of Cg with m ^ ,  with buckling pressures 
determined from eqn. 5.11. As shown in the figure the imperfection 
sensitivity can be written in the form
Cs = 0.21 + 0.05 mth ^ 0.7 -(5.15)
A minimum value of Cg is expected to occur with m ^  equal to 
five as this harmonic corresponds directly to the modal shape of the 
pre-buckling deformations induced under wind action. Consequently, 
for values of below five, equation 5.15 could overestimate the 
true imperfection sensitivity.
A design expression has been presented to determine the 
critical stagnation pressure of isolated silos under wind action and 
shown to agree with theoretical and experimental data. This 
expression includes the effects of internal suctions, end boundary 
conditions and cylinder imperfection sensitivity, and has simplified 
this difficult problem to a level that only requires the critical
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uniform external pressure of a simply-supported cylinder to be 
evaluated.
5.4 WIND BUCKLING OF SILO GROUPS
For grouped silos, the mean wind pressure distribution is 
significantly altered by interference effects to the flow, as shown 
in fig. 5.1b. The region of positive pressure has expanded to about 
-75° from the windward generator with a silo spacing of D/10. 
Unfortunately, silo group wind pressure distributions are extremely 
dependent on the group configuration, spacing of the silos and angle 
of wind incidence. Frcm limited data, the positive pressure zone 
subtends an arc of about ±75° for silo spacings of D/10, reducing to 
Î45° with a spacing of D/4. The extension of wind tunnel test 
results for group configurations to full-scale structures is 
difficult and hazardous. Until further results become available, the 
pressure distribution at the centre of a row of six silos (fig. 
5.1b) will be used in future calculations, as this is considered to 
represent the most adverse condition. This pressure distribution can 
be put in the form
Cp(9 ) = - 0.07 + 0.67 cos(9) + 0.25 cos(29)
- 0.05 cos(39) - 0.14 cos(49)
+ 0.04 cos(59) + 0.10 cos(69)
- 0.06 cos(89) -(5.16)
Substituting eqn. 5.16 into eqn. 5.2, the critical stagnation 
pressure for a silo group becomes
Pw = ^b ^s Pc -(5.17)
where {Cp}Q_ 0 is the pressure coefficient at the windward generator. 
For hermetically sealed cylinders (Cp}@ = 0 has a value of 0.74 and 
increases to 1.09 when the cylinder is vented to atmosphere [20].
Buckling results obtained from a finite element stability 
analysis (described in chapter 4) of a short simply-supported 
cylinder within a silo group are shown in fig. 5.10. Under wind
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action the buckling mode consists of one half-wave in the axial 
direction, whilst circumferentially, five full waves develop within 
a zone ^85° from the windward generator. Critical stagnation 
pressures evaluated from eqns. 5.2 and 5.17, with values of Cp.= 0.0 
and 0.35, and Cs = 1.0, are in close agreement with the accurate 
finite element results, although conservative errors have arisen 
from assumptions made in the derivation of the equations.
Following the collapse of a silo group at Boggabri, NSW [20], 
an experimental investigation was conducted on small-scale models at 
Sydney University. Results from the test program, reproduced in fig. 
5.11, show that critical stagnation pressures for the silo group lie 
in the range (0.77 - 0.15) pc leading to the design recommendation 
of 0.65 p^ [25]. In the figure, predictions based on eqn. 5.17 are 
shown to agree with the design recommendations of [25] for an 
assumed base restraint coefficient = 1.0. The test models were 
glued to a rigid baseboard and assuming full adhesion, a value of 
equal to 1.25 would seem appropriate. Examination of the buckled 
cylinders revealed a symmetric axial buckling profile, typical of 
structures having equal axial end restraints (see section 4.5). The 
evidence shows that full adhesion was not attained at the base of 
the models and a value of Cb = 1.0 is more correct. This further 
highlights the need to exercise caution when determining appropriate 
values for C^.
5.5 DESIGN CONSIDERATIONS
Expressions for determining the critical stagnation pressure 
of silo installations under wind action have been developed in 
sections 5.3 and 5.4. For isolated silos, we have
P w =  Cb cs -(5.18) 
Pc ( X + Cp )
with values of X obtained from eqn. 5.10, Cg using eqn. 5.15, and in 
the absence of accurate wind pressure data, Cp_ = 0.35 when the 
structure is vented to atmosphere. Details are given in chapter 4 
for estimating values of the restraint parameter C^.
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For grouped configurations, a design formula was developed 
using data given for a group of six silos of spacing D/10, and has 
the form
_Pw= cb cs -<5.19)
pc {<y©=0
in which {Cp} @ _ 0 is the net pressure at the stagnation point. With 
other group spacings the distribution of wind pressures will differ 
from those used to derive eqn. 5.19 and under such conditions, 
critical wind pressures obtained from eqn. 5.19 will become 
increasingly conservative as the group spacing widens.
The determination of design wind pressures for silo 
installations has now been reduced to the evaluation of the critical 
uniform external pressure of an equivalent simply supported 
cylinder. Using techniques developed in chapter 4, wind buckling 
pressures can now be evaluated for stiffened and unstiffened silos, 
and tanks with tapered wall thickness. Tanks with a shell-wall 
construction that includes both ring stiffening and tapered wall 
thickness, finite element techniques may be required to determine 
pc , but reasonable predictions can be obtained using simple formulas 
when the stiffener inertia lies below the critical value.
During construction the incomplete structure resembles an 
open-topped cantilevered shell which is known to be more sensitive 
to wind pressures than an equivalent sealed cylinder. It has been 
shown in [5,7,8,29] that techniques for predicting critical wind 
speeds of simply-supported cylinders can be applied to clamped-free 
cylinders. Thus, the critical stagnation pressure of open-topped 
cylinders can be determined from
Pw = ^b ^s Pc -(5.20)
X
with Cb = 0.6 -(5.21)
and pc = 0.92 E R T t' 
L LR.
2.5 -(5.22)
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When buckling strengths need to be improved, a most efficient 
method is to position ring stiffeners at critical locations, such as 
mid-height of a simply-supported cylinder. Maximum benefit is 
attained when the stiffener flexural rigidity exceeds (Ir)cr given 
by (see section 4.6)
(ir)cr = 0*077 t3 L N 0,45 -(5.23)
for simply supported cylinders, and
(ir)cr = 0 *048 fc3 L -(5.24)
for a ring at the top of an open cylinder.
Ring stiffeners designed in accordance with eqns. 5.23 and 
5.24, and placed in critical locations will force the perfect 
cylinder into a secondary buckling mode. However, care needs to be 
exercised when selecting a value of as the influence of the base 
restraint is lost when the secondary buckling mode is mobilised, as 
shown in fig. 5.13. It is always conservative to adopt a value of 
= 1.0 for silos restrained at roof level, and 0.6 when a free upper 
boundary is present.
Buckling loads of silos fabricated from stiffened corrugated 
sheeting can be determined using orthotropic theory. The effective 
properties of the corrugated sheet, with an assumed sinusoidal form 
for the corrugations, are [30,31]
fcx = 2 t
3 d 2
ty = (1-V2) t (1 + TC2d 2)
4 b2
tvw = (1 + Tt,2 d2 )-xy
4 b"
Iv = 12 (1 +it2d2)
4 b"
-(5.25)
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Iy = d^t (1-V2) (1 + n 2d2)
8 8 b2
J = t3 (1 + Tt2d2)
3 4 b2
where t is the plate thickness, d is the depth of the corrugations 
and b is one full wavelength of the corrugations (fig.5.14).
In the design process, careful consideration must be given to 
the connection details of the sheeting and stiffeners to ensure 
monolithic action. Investigations into the collapse of a corrugated 
stiffened silo under wind action [20] highlighted joint flexibility 
as a primary cause of failure. Maximum structural efficiency is 
attained when full fixity is ensured, and if this condition is not 
satisfied, some modification to the orthotropic shell properties is 
essential.
The imperfection sensitivity of isolated cylinders under wind 
action given by eqn. 5.15 has been obtained from experiments 
conducted on near perfect models. In chapter three, tests effected 
on two full-scale tanks showed that the imperfection sensitivity 
factor, Cs, can be much lower than predicted. For silos conforming 
to construction tolerances specified in structural codes, values of 
Cs given by eqn. 5.15 are considered to be reliable. When these 
tolerances are not satisfied an imperfection sensitivity of Cs/2 
could be justified in view of test results obtained from tank B1 
under external pressure. This may appear to be overly conservative 
as the imperfections are assumed to reside within the zone of 
positive pressure, but it does give an indication of the sometimes 
unpredictable nature of practical shell structures.
5.6 EXAMPLES
1. Isolated Silo
(a) Consider the silo shown in fig. 5.15 under wind pressure. The 
critical stagnation pressure is given by
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w cb cs Pc
(X+Cp )
where 0.92 E R 
L
rt i 2.5 = 0.157 kPa
Cb = 1 .0
= 2.74 / R /R = 13.1
from fig. 5.6, X = 0.58 + 0.021 m ^  ^ 1.0
iCpJe=0
thus X = 0.86
Cs = 0.21 + 0.05 mth  ^0.7
= 0.70
hence pw = 0.70 = 0.82
pc 0.86
Finite element results give [15]
pw = 0.70 = 0.89
Pc 0.79
Application of eqn. 5.2 directly gives
pw = 0.70 = 0.87
pJT 0.81
In practice, the wind pressure distribution is given by eqn.
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5.1 where (Cp}@= 0 equals 0.8. Then, X = 0.46 + 0.017 m ^  would be 
used to determine the ratio pw/pc . This example was selected to show 
the correlation between the non-linear buckling results given in 
[15] and predictions based on eqns. 5.2 and 5.8.
(b) For an isolated open-topped cylinder under wind action, fig. 
5.16, the critical stagnation pressure can be determined from
Buckling loads for clamped free shells can be determined using = 
0.6, as shown in fig. 5.17.
Thus,
Pw cs cb Pc
X
where pc = 0.92 E R T 11 2 * 5 = 3.357 psi
L R
mth = 2.74 5.4
X 0.46 + 0.017 m th = 0.55
C,s 0.21 + 0.05 mtb = 0.48
Hence
0.48 x 0.6 0.52
0.55
Finite element analysis gives [15]
0.65 x 0.6 0.58
0.67
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2. Silo Group
The wind buckling load of a simply-supported multi-course 
tank, having the geometry shown in fig. 5.18 and located within a 
group of six closely spaced silos, can be determined using 
techniques descibed in chapters 4 and 5. From section 4.5 we have
Per = 1.98 kPa
cb  - 1.107
L leff = 6.4 m
t tor_ = 0.0065 m  eq
3 rT rr ii 2.74 /cb R /R
V ■'•eff v fceq
The critical stagnation pressure is expressed as
Pw = cs
Pe r i°p ^ e= 0
w i t h iicn
u
0 .7
and iCp*©=0 - 1 .09  ( internal v a c u u m  )
thus ii£ 0 .7 0  = 0 .64
Pe r 1 .09
5.7 CONCLUSION
Using the concept of an equivalent uniform pressure, simple 
expressions have been developed for determining the design wind 
velocity of silo installations. This general expression has been 
shown to give excellent agreement with theoretical and experimental 
results for isolated silos and silo groups. General design 
expressions are given for isolated silos, and for silo groups with a
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group spacing of D/10. Conservative buckling pressures will be 
predicted for wider group spacings, and better predictions can be 
obtained using methods described in the text when accurate pressure 
measurements become available.
The cylinder wavenumber has been found to completely describe 
the buckling behaviour of silos under wind action, and in particular 
the role of pre-buckling deformations in initiating early collapse. 
Under the action of wind, cylindrical shells have been found to be 
very sensitive to initial imperfections and pre-buckling 
deformations and a simple formula, derived from experimental data, 
is given in the text for the imperfection sensitivity. Differences 
in previously proposed design formulas are attributed to the 
imperfection sensitivity of these structures and reliable buckling 
predictions can now be obtained using design formulas presented in 
the Chapter.
For silo groups, good correlation has been found between 
theory and experimental data. Test results highlight the need to 
exercise caution when calculating the effectiveness of boundary 
restraints, although a restraint parameter = 1.0 will always be 
conservative.
Once values of the four wind buckling parameters, Cb , Cq , Cs 
and Cu have been determined, designers can reliably predict the 
design wind velocity of silo and tank installations. Chly the 
buckling load of the cylinder under uniform external pressure needs 
to be evaluated, and for the majority of cases, this can be solved 
using simple techniques described in chapter 4.
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TOP FREE SIMPLE
SUPPORT
FREE CLAMPED
BASE CLAMPED SIMPLE
SUPPORT
CLAMPED-
SLIDING
CLAMPED
X 0.72 1.20 0.24 1.41
TABLE 5.1: VALUES OF X FOR DIFFERENT END BOUNDARY CONDITIONS
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FIG.5,1g EXTERN AL PRESSURE COEFFICIENTS FOR 
A  FULL SCALE  COOLING TOWER
(Isolated)
242
FIG.5.1 b EXTERNAL PRESSURE COEFFICIENTS AT A HEIGHT
OF_3/qL (CloseI y_ s paced group of 6)
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FIG. 5.2 BEHAVIOUR OF A CYLINDRICAL SHELL
UNDER WIND LOAD
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FIG.5.4C BUCKLING MODE FOR 
CENTRAL ANGLE =116°
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FIG. 5.11 EXPERIMENTAL RESULTS FOR SILO GROUP
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FIG.5.12 EFFECT OF ROOF STIFFENING
= 
R
(1
-v
2)
pc
r/
E
t
256
t3L/12(1-v2)
FIG. 5.13 SIMPLY SUPPORTED CYLINDER AXIALLY RESTRAINED 
AT THE BASE UNDER WIND LOAD
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FIG .5.14 GEOMETRY OF CORRUGATED SHEETING
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FIG .5.15 CLOSED CYLINDRICAL SHELL UNDER WIND LOAD
259
a 2 = 0*066 a ^  =-0*055
q¿ = 0*166 
6
FIG. 5.16 OPEN CANTILEVER SHELL UNDER WIND LOAD
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FIG. 5.17 CORRELATION BETWEEN SIMPLY-SUPPORTED
AND CLAMPED-FREE CYLINDERS
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FIG.5.18 BUCKLING MOOE OF A MULTI-COURSE TANK
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CHAPTER 6
CONCLUSIONS
6.1 Introduction
The aim of this research has been to study the buckling 
behaviour of thin-walled containment structures under internal and 
external pressure. Both experimental and theoretical investigations 
have been carried out to fulfil this aim. Experimentally, pressure 
tests were effected on two full-scale cylindrical tanks which 
included torispherical ends. Both vessels were subjected to firstly, 
internal pressure to examine instability in the toroidal knuckles, 
and secondly internal vacuum to observe the buckling characteristics 
of the cylindrical body. Finite element computer programs have been 
developed for the linear stress and stability analysis of shells, 
and used to investigate the influence of end restraints on the 
buckling performance of cylinders, the critical external pressure of 
cylinders reinforced with light widely-spaced ring stiffeners, and 
wind buckling of isolated silos and silo groups. They have also been 
used to study the behaviour of the knuckle transition.
The intention of this chapter is to summarise the more 
important conclusions which have emerged from these studies. Areas 
of future research perceived to be necessary have been discussed in 
Chapter 7, and are fields of study that would complement aspects of 
shell behaviour examined in the thesis.
6.2 Torispherical Pressure Vessels Under Internal Pressure
Internal pressure tests have been conducted on two stainless 
steel tanks of cylindrical form and closed by torispherical ends. 
Imperfections were measured prior to testing and it was found that 
fabrication processes had reduced the design knuckle radius by 20%. 
Circumferentially, imperfections were directly influenced by the 
number of meridional welds. As a consequence of these imperfections, 
increased circumferential knuckle stresses were recorded and agreed
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with results from a linear stress analysis of the imperfect 
structure. Imperfections of this type need to be included in future 
theoretical studies to give more realistic values for the pressure 
to cause first yield, elastic-plastic buckling, or plastic collapse.
Initial damage to the tanks was governed by elastic-plastic 
buckling when the pressure had reached 80% and 55% of the 
theoretical value for tanks A1 and B1 respectively. Theoretical 
buckling pressures were obtained from published solutions given for 
perfect torispherical tanks. At the conclusion of testing a total of 
15 buckles had formed in the upper and lower knuckles of tank Bl, 
and a single buckle in the upper knuckle of tank Al. Buckles were 
generally located on or adjacent to meridional welds, but the 
development of buckles away from these zones indicate that the welds 
are not the primary cause of early failure.
Critical design pressures evaluated from Galletly's design 
method gave safety factors of 2.0 and 1.4 for tanks Al and Bl 
respectively, whereas corresponding factors of safety from the 
French Pressure Vessel Code were only 1.2 and 0.9. Both these design 
methods require some re-assessment to take account of the test 
results presented in this thesis, and the author recomnends that a 
modified form of Galletly's proposal be included in Pressure Vessel 
Codes.
6.3 Torispherical Pressure Vessels Under Uniform External Pressure
The buckling behaviour of a cylindrical shell closed with 
torispherical ends and supported on a short skirt has been examined 
for conditions of uniform external pressure. In tank Al, initial 
buckling commenced with the formation of five buckles simultaneously 
when the pressure reached 70% of the classical (ideal) critical 
pressure, Pcr. With increasing external pressure, further buckles 
developed until a total of 11 had formed on reaching a pressure of 
0.9pcr. Circumferential wavenumbers varied from 8.4 to 15.0 and were 
observed to be a true reflection of the original imperfections. 
Similar behaviour was observed in tank Bl, where a single buckle 
appeared initially at a pressure of 0.35pcr and a total of 12 
buckles had developed on reaching 0.82pcr.
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Buckle formation was marked by ' snap- through' phenomena 
before reaching a stable post-buckling configuration, and ultimate 
collapse occurred at pressures of 1.4pcr in both tanks. Ultimate 
failure was governed by the local collapse of a column formed by the 
intersection of adjacent buckles, and corresponding pressure 
reductions of 15% were measured. Despite the large deformations, all 
welds remained structurally sound and the vessels were still capable 
of maintaining pressure.
Code recommendations for predicting critical external 
pressures of complex shells need to be revised to take better 
account of imperfections, to give more realistic values of the 
effective cylinder length, and to include the positive structural 
benefits afforded by end caps and short skirts. Design pressures 
calculated from current pressure vessel codes gave factors of safety 
of 2.0 and 1.1 for tanks A1 and B1 respectively. The latter result 
pertaining to a structure that violated tolerance limits set down by 
the code. Results for tank Bl, with a maximum measured imperfection 
of 5t, give sane indication of the effects of local imperfections on 
the buckling load. Theoretical knock-down factors calculated on the 
basis that imperfections in the shape of the preferred buckling mode 
are most critical, agree with results of tank A1 but are in error by 
a factor of two when compared against tank Bl results. It is 
concluded that theoretical knock-down factors cannot be relied on 
totally and further work is required to determine the critical 
imperfection arising from complex imperfection patterns.
6.4 Cylinders Under Uniform External Pressure
Details have been presented on the development of finite 
element computer programs for the linear stress and stability 
analysis of shell structures. The discrete rectangular element has 
been formed from the superposition of a highly accurate flat plate 
bending element and a plane stress element with a bi-1inear 
displacement field, and then transformed to three dimensions. These 
programs have been primarily used to investigate the buckling 
behaviour of cylinders under the action of non-uniform external 
pressures. They have been shown to give excellent agreement with the
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few published results available.
The buckling response of cylinders with elastic end
restraints has been studied using the finite element analysis. From 
the study, a simple formula was developed to predict values of the 
buckling coefficient for any combination of elastic end
restraints. This expression which can be used readily in design 
work, was used to calculate the buckling load of the experimental 
test vessels and found to give excellent agreement with the more 
accurate finite element predictions.
Most large scale containment structures are constructed with 
a wall thickness variation with height to resist variable pressure 
loading. In general, solutions for cylinder instability are derived 
for conditions of uniform wall thickness and uniform pressures. A 
solution has been formulated for tanks with axial wall thickness 
variations on the basis that the partially buckled cylinder can be 
transformed into an equivalent cylinder of uniform wall thickness, 
and supported on an equivalent short skirt of length equal to the 
unbuckled cylinder length. With the aid of formulae developed in 
Chapter 4, buckling loads can be simply estimated for the 
transformed cylinder, and have been shown to agree with solutions 
derived from more involved procedures such as finite element 
analysis.
Finite element studies have shown that orthotropic shell 
theory adequately represents the behaviour of lightly stiffened 
cylinders under external pressure when the buckling mode is one of 
overall instability. Good design should have just enough stiffening 
to prevent overall instability. Simple expressions are given for 
determining the critical stiffener inertia required to mobilise the 
local instability mode for simply-supported and cantilevered 
cylinders. The general form of the solution also enables extension 
to other end boundary conditions.
6.5 Wind Buckling of Isolated Silos and Silo Groups
A novel approach to the stability problem of silos subject to 
wind action has been described. Important parameters in the buckling 
equation have been isolated and studied independently using a finite
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element analysis.
From observed similarities between buckling modes of 
cylinders under uniform external pressure and wind pressure, the 
non-uniform wind pressure distribution has been transformed into an 
equivalent uniform external pressure. This relationship is related 
to the width of the zone of positive pressure acting on the windward 
face of the silo, and also to the cylinder geometry via the 
characteristic wavenumber. A general expression for estimating the 
critical stagnation pressure has been developed for use with known 
wind pressure distributions. This has been further simplified after 
studying many wind pressure distributions, giving simple formulae 
for estimating the critical stagnation pressure of isolated silos 
and silo groups. The formulae also include the effects of cylinder 
end restraints and imperfection sensitivity.
Apparent contradictions between proposed wind buckling 
formulas derived from theoretical and experimental investigations 
have now been resolved. With this new design proposal, agreement has 
been obtained with available experimental data and the simple format 
is well suited to imnediate use in design codes.
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CHAPTER 7
FUTURE RESEARCH
During the course of the research program into the buckling 
behaviour of thin-walled shells under pressure, additional 
structural problems came to the attention of the author. Future 
research in these areas would appear essential to gain a deeper 
understanding of overall structural behaviour and will complement 
results obtained herein.
Internal pressure tests effected on two full-scale tanks 
highlighted the amplification of compressive circumferential 
membrane stresses in the knuckle as a result of a reduced knuckle 
radius caused by welding procedures. Surveys of knuckle profiles of 
prototype vessels are required to gauge the nature and magnitude of 
fabrication induced imperfections in this critical region. This data 
can then be used to examine the influence of knuckle imperfections 
on the pressure to cause first yield, elastic-plastic buckling and 
plastic collapse, with the aim of developing more rational design 
rules.
Approximations for the critical external pressure of complex 
shells can be readily obtained using the concept of an equivalent 
cylinder. Details have been given in the thesis for torispherical 
pressure vessels, but further work is required to furnish guidelines 
for conical and hemispherical ends, and also for transitions.
Theoretical solutions for the imperfection sensitivity of 
cylinders under external pressure were found to agree with test 
results for tank Al, but were in error by a factor of two on tank 
Bl. Theory states that imperfections in the shape of the preferred 
buckling mode are the most critical and only these need be 
considered in calculations for the imperfection sensitivity. Test 
have shown that a better definition is required to ascertain the 
most detrimental imperfection mode from complex imperfection 
patterns.
Studies are also needed to investigate the interaction 
between local instability and overall buckling of ring stiffened
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shells. Just as the overall elastic buckling load of thin-walled 
struts is reduced by the interaction of local plate buckling and 
Euler buckling, so it is possible that the simultaneous occurrence, 
or nearness, of local instability may interfere with and thus reduce 
the overall collapse pressure. Similarly, there can exist an 
interaction between buckling of the ring stiffener and overall 
buckling. Both phenomena become more critical in the presence of 
geometric imperfections.
Although there are considerable amounts of experimental data 
on the fluid loads on circular cylindrical structures, few are 
directly relevant to the wind loading on storage bins, silos and 
tanks. Design wind pressures, appropriate to these structures, have 
been determined by using the design peak wind speed in conjunction 
with experimentally measured mean wind pressure coefficients which 
are based on a mean wind speed. However, due to the highly 
fluctuating nature of wind pressures, it is possible that a more 
critical pressure distribution can develop over a period governed by 
the natural response time of the cylinder, thereby inciting collapse 
at reduced wind speeds. Investigations are required to examine the 
influence of instantaneous wind pressures on the buckling load. More 
experimental work is required to obtain wind buckling data of 
isolated silos in the range of wavenumber 10 to 20.
Finally, design guidelines have been presented in Chapter 5 
for estimating the critical stagnation pressure of isolated silos 
and silo groups. Little wind data is available on wind pressures 
around silo groups and design recomiendations have been developed 
primarily for group spacings of D/10. For larger group spacings, 
conservative design wind speeds will be predicted. Additional wind 
data is required to ascertain the relationship between the buckling 
coefficients, and Cq , and the group geometry, from which more 
flexible design guidelines can be formulated using the general 
buckling formula given in the chapter.
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APPENDIX Al: CIRCUMFERENTIAL IMPERFECTION DATA OF TANKS A1 AND B1
Tank radii are given in the form
R (9) = aQ + J2 ( ^ c o s  n9 + bnsin n9 ) 
co + £ cn c o s ( n9 - 9n )
where cQ = ao
and cn =
/ 2 2 
+ b n
9n =
-1
tan (bn/an )
Maximum imperfections in the shape of the preferred buckling mode 
are given by cn .
Data given in the following two tables have the dimensions of mm.
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TANK A1
SECTION
n A B C D E F
an bn an bn an bn an bn an bn an bn
0 2 4 3 2 . 4 2 4 3 2 . 3 2 4 3 5 . 2 2 4 3 1 . 5 2 4 3 4 . 0 2 4 3 2 . 1
1 - 0 . 2 - 0 . 1 - 0 . 1 0 . 0 0 . 0 0 . 1 0 . 0 0 . 0 - 0 . 1 0 . 0 - 0 . 1 0 . 1
2 - 0 . 4 - 0 . 7 0 . 2 - 0 . 4 - 0 . 6 - 0 . 5 - 1 . 2 - 1 . 1 - 0 . 4 0 . 6 - 1 . 0 1 . 7
3 - 1 . 3 - 0 . 7 - 2 . 1 - 0 . 6 - 2 . 3 1 . 3 - 2 . 1 - 0 . 4 - 0 . 9 - 2 . 2 0 . 2 - 1 . 8
4 - 0 . 9 0 . 8 - 1 . 6 1 . 3 - 2 . 4 1 . 5 - 2 . 0 1 . 1 - 2 . 6 1 . 2 - 0 . 8 0 . 5
5 0 . 5 - 0 . 4 - 0 . 4 0 . 9 - 0 . 6 1 . 0 - 0 . 5 1 . 4 1 . 0 1 . 6 0 . 8 - 0 . 4
6 - 1 . 3 - 0 . 7 - 1 . 2 - 1 . 2 - 0 . 8 0 . 3 - 0 . 1 1 . 0 0 . 0 - 0 . 5 - 1 . 4 - 0 . 6
7 0 . 3 - 1 . 6 0 . 4 - 1 . 9 0 . 7 - 1 . 0 0 . 8 - 0 . 9 - 0 . 3 - 1 . 1 - 0 . 3 - 0 . 7
8 0 . 7 0 . 7 - 0 . 1 0 . 7 - 0 . 5 0 . 4 - 1 . 3 - 0 . 6 - 1 . 4 0 . 2 - 0 . 3 0 . 2
9 - 0 . 8 - 0 . 2 1 . 0 - 0 . 2 2 . 8 0 . 3 3 . 4 0 . 8 2 . 7 1 . 1 1 . 2 - 0 . 2
10 - 0 . 4 1 . 6 - 0 . 3 0 . 2 - 0 . 6 - 0 . 5 - 1 . 5 - 0 . 6 - 0 . 7 - 0 . 2 - 0 . 3 0 . 5
11 0 . 2 0 . 3 - 1 . 7 0 . 6 - 1 . 2 0 . 3 - 1 . 0 1 . 1 - 0 . 6 0 . 4 - 0 . 3 0 . 4
12 - 0 . 3 1 . 1 - 0 . 8 1 . 3 - 0 . 9 0 . 1 - 0 . 3 - 0 . 3 - 0 . 4 0 . 4 1 . 1 0 . 4
13 - 0 . 4 - 0 . 1 0 . 2 0 . 8 - 0 . 3 0 . 4 - 0 . 9 0 . 1 0 . 2 0 . 2 0 . 3 0 . 1
14 0 . 2 0 . 3 - 0 . 6 0 . 2 0 . 1 0 . 4 0 . 7 1 . 5 - 0 . 1 0 . 6 - 0 . 2 0 . 6
15 0 . 1 - 0 . 3 - 0 . 2 - 0 . 1 0 . 3 0 . 0 1 . 1 0 . 2 0 . 4 - 0 . 2 - 0 . 2 0 . 1
16 - 0 . 1 - 1 . 3 0 . 5 0 . 2 0 . 3 - 0 . 3 0 . 4 - 1 . 3 - 0 . 1 - 0 . 3 0 . 0 - 0 . 1
17 - 0 . 3 - 0 . 4 0 . 0 - 0 . 2 0 . 0 - 0 . 1 - 0 . 5 - 0 . 2 - 0 . 1 - 0 . 6 - 0 . 3 0 . 3
18 0 . 2 0 . 5 0 . 1 0 . 0 0 . 2 - 0 . 2 - 0 . 2 - 0 . 1 - 0 . 1 0 . 4 - 0 . 3 0 . 1
19 - 0 . 1 0 . 0 - 0 . 2 0 . 2 0 . 3 - 0 . 1 0 . 0 0 . 1 0 . 3 - 0 . 3 - 0 . 4 - 0 . 4
20 0 . 5 0 . 3 0 . 1 - 0 . 1 - 0 . 2 - 0 . 2 - 0 . 3 0 . 2 0 . 1 0 . 2 0 . 0 0 . 0
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TANK B1
SECTION
n A B C D
an bn a _ ,n bn an bn a «n bn
0 2228 . 9 223 4 . 0 2 2 3 3 . 3 2 2 3 4 . 3
1 0 . 0 0 . 1 0 . 1 0 . 0 0 . 1 0 . 0 0 . 0 0 . 0
2 - 0 . 2 - 0 . 4 0 . 7 - 1 . 9 - 0 . 8 - 2 . 5 - 0 . 1 - 4 . 6
3 - 2 . 4 - 0 . 2 - 2 . 2 0 . 6 - 1 . 6 1 . 2 0 . 5 2 . 1
4 - 1 . 5 1 . 0 - 3 . 6 1 . 4 - 1 . 6 - 0 . 1 0 . 0 - 2 . 1
5 2 . 5 2 . 3 2 . 3 3 . 2 1 . 1 3 . 3 0 . 9 2 . 5
6 0 . 8 0 . 1 2 . 0 - 0 . 5 1 . 2 - 0 . 6 1 . 1 - 3 . 0
7 0 . 3 1 . 2 1 . 5 1 . 3 1 . 8 0 . 0 0 . 9 - 0 . 4
8 - 0 . 4 0 . 3 - 1 . 1 0 . 3 - 0 . 1 0 . 2 0 . 2 0 . 1
9 - 0 . 7 - 0 . 1 - 0 . 2 0 . 9 - 0 . 9 0 . 1 - 1 . 6 - 1 . 2
10 0 . 6 - 1 . 0 1 . 8 0 . 1 1 . 2 0 . 3 0 . 3 1 . 5
11 - 0 . 3 1 . 5 1 . 1 1 . 3 2 . 0 1 . 4 1 . 6 - 0 . 1
12 - 0 . 3 0 . 8 0 . 1 - 0 . 8 1 . 6 - 0 . 9 0 . 8 - 0 . 3
13 0 . 4 - 0 . 9 0 . 4 - 2 . 0 1 . 8 - 1 . 5 0 . 9 - 1 . 0
14 0 . 6 0 . 2 1 . 2 1 . 1 2 . 3 0 . 0 0 . 3 0 . 2
15 - 0 . 5 0 . 4 - 0 . 2 0 . 6 0 . 1 0 . 1 0 . 2 0 . 2
16 1 . 5 0 . 2 0 . 7 0 . 8 0 . 6 0 . 3 0 . 8 - 0 . 3
17 0 . 7 0 . 4 0 . 8 - 0 . 7 0 . 5 0 . 4 1 . 0 - 0 . 4
18 - 0 . 1 - 0 . 1 - 0 . 4 0 . 8 - 0 . 4 1 . 3 - 0 . 3 0 . 0
19 0 . 8 1 . 0 0 . 8 0 . 5 1 . 4 - 0 . 6 0 . 4 - 0 . 3
20 0 . 6 - 0 . 6 0 . 3 0 . 8 0 . 0 1 . 1 - 0 . 2 - 0 . 1
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APPENDIX 2: DERIVATION OF FINITE ELEMENT STIFFNESS AND STABILITY
MATRICES
A2.1 Membrane Stiffness Matrix
For the rectangular element shown in fig. 4.2, membrane 
displacements within an element can be expressed as a function of 
the in-plane nodal displacements, u —  and v^j, using [1]
2 2 0 0u(x,y) = £
¡=1
E
H
Hoi O') Hoj(y) - (A2.1)
2 2 0 0v(x,y) = £
i=1
E
j=i
Hoi(x> Hoj(y) vi;j - (A2.2)
with hermitian polynomials
Hol(x) = -1_ (x-a) 
a
ho°2<x> = 2La
Hoi<y> = rk(y-b> -(A2.3)
b
Ho2<y> = _xb
Strains within an element are given by the kinematic 
relations
’ £x du/dx
{£} = Ey = dv/dy
1
<x X
i_
__
__
__
_
du/dy + dv/dx — —
- (A2.4)
which can be re-written in matrix form as
{£} = [ I W  {a^} - (A2.5)
a^em^T = i U11 V11 u12 v12 U21 V21 u22 v22 J -(A2.6)
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The subscript em refers to matrices describing membrane actions 
within an element.
We observe that Ex depends on y, Ey depends on x, and l Xy 
depends on both x and y.
Under conditions of plane stress and assuming isotropic 
material properties, stresses can be determined from the 
constitutive equations
{cn = °Y [Demi (8} -(A2.7)
where
Oxy
1 V 0
[D1 em = E V 1 0 - (A2.8)
(l-v2) 0 0 (1-v)
2 _
The membrane stiffness matrix for the rectangular element is,
definition [1-5]
K^em^ = / lBonlT [>W [Bgml dV -(A2.9)
With shape functions given by eqns. A2.1 and A2.2, the membrane 
stiffness matrix is representative of the simplest finite element in 
the Lagrange family of elements.
A2.2 Flexural Stiffness Matrix
Out-of-plane displacements within the four noded rectangular
287
element shown in fig. 4.2 can be expressed as a function of the 
nodal displacements using [1]
2 2
w(x,y) = JZ £  { Hoi(x) H^ jiy) w^  + H^ix) Hoj(y)w,x>.
i=1 j=1 13
+ H^ix) H^ j (y) w,y_ + Hii(x) Hx1j(y) w,Xy_ }
-(A2.10)
with hermitian polynomials
H01i(x) = 1 (2x3-3ax2+a3)
~ 3
Hq 2 (x) = -1 (2x3-3ax2)
"73
H^i (x) = 1 (x3-2ax2+a2x)
J 2
H12 (x) = 1 (x2-ax2)
„2
- (A2.11)
and similarly for y, by replacing x with y, and a with b. This 
assumed displacement mode is capable of representing exactly any 
normal displacement of the form
3 3w(x,y) = £ £  cxrs xr r 3 -(A2.12)
r-1 s=1
Strains within an element are given by the kinematic relations
{£} =
-d^w
dx2
-d^w
dy2
2 d ^
[Bef] {a0f} - (A2.13)
dxdy
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where {a f}T = ( w. w, w v^. . W'w. . } -(A2.14)lj lj y ij yij
for i=l,4 and j=l,4. The subscript ef refers to matrices describing 
flexural actions within an element.
The flexural stiffness matrix for the rectangular element is, 
by definition [1-5]
[Ke f ] = [ßef ]1 [Def ] [Bef ] dx dy - (A2.15)
where
1 V 0
[Dpf] = E t3 V 1 0
12(1-v2) 0 0 (1-V)
2
-(A2.16)
A2.3 Stiffness Matrix for a Rectangular Flat Plate Element
Combining the membrane and flexural components, the complete 
element stiffness matrix becomes
[Ke ] = [Reml 0
0 [Ke f ]
with nodal displacements
{3e } aem
aef
- (A2.17)
- (A2.18)
A2.4 Stability Matrix for a Rectangular Flat-Plate Element
The work done by the edge stresses, T , due to the stresses 
0^, 0^ and O^y applied in the middle plane of the plate is [4]
K dw 2 + dy dw
1 _dx_ _dy_
1 2 + Ö^y dw dw 
dx dy
1
2 v
dV - (A2.19)
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The term within the integral can be written as
dw/dx
T
'O x ^xy dw/dx
dw/dy >1
b*
_____1 dw/dy
With out-of-plane displacements given by eqn. A2.10,
dw/dx
- (A2.20)
we have
= [GJ {a^} -(A2.21)
dw/dy
Substitution of eqn. A2.21 into eqn. A2.19 gives
Te = _l_{ae}T / [Ge]T [Se] [Ge] dV {ae} 
2
- (A2.22)
where
[Sc
element is given as [1-5]
[«w =
°x ^xy
^ y
stiffness
yT[Se]
- (A2.23)
- (A2.24)
and is independent of the material properties of the element, and 
in-plane displacements.
A2.5 Beam Element
Stiffeners are included in the finite element analysis in the 
form of one dimensional beam elements spanning adjoining nodes. The 
beam element described by Barsoum and Gallagher [5] has been adopted 
in this thesis, as it gives accurate results when compared against
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theoretical column buckling solutions. The stiffness matrix for a 
beam spanning adjacent nodes in the local x direction, and located 
at the middle surface of the recatngular element, is [5]
0 0 0 0 -a 0 0 0 0
f g 0 0 0 -f g 0 0
h 0 0 0 -g i 0 0
j k 0 0 0 -j k
1 0 0 0 -k m
a 0 0 0 0
f -g 0 0
h 0 0
j -k
1
a = EA/L
f = 12EIy/L3
g = -6EIy/L2
h = 4EIy/L
i = 12EIy/L
j = 12GJ/10L
k = -GJ/10
1 = 4GJL/30
m = -GJL/30
-(A2.25)
- (A2.26)
The stability matrix for a beam element subjected to an axial load 
P, is given as [5]
0 0 0 0 0 0 0 0 0
a b 0 0 0 -a b 0 0
c 0 0 0 -b d 0 0
e f 0 0 0 h i
g 0 0 0 -i j
0 0 0 0 0
a -b 0 0
c 0 0
e -f
- (A2.27)
g
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and
a = 12P/10L
b = -P/10
c = 4PL/30
d = -PL/30
e = 12PSQ/10L
f = -PSq/10
g = 4PSqL/30
h = -12PSq/10L
i = -PSq/10
j = -PSqL/30
b = Iy/A
The corresponding matrix of nodal displacements is
(abi f ^  wp (w'x^p (w'y^p (w'xy)p uq wq (w'x^q w^,y^q w^'xy^q ^
-(A2.29)
The subscripts p,q refer to the two adjoining nodes. For beams 
parallel to the local y axis, similar matrices are obtained on 
replacing us with vs, and (w,x)s interchanged with (w,y)s.
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APPENDIX 3: DERIVATION OF GLOBAL TRANSFORMATION MATRIX
Consider a rectangular four-noded element oriented as shown 
in figure A3.1, having local co-ordinate axes x, y, and z. With 
reference to a radial axis system, in which T, M, N are the 
tangential, longitudinal and normal axes respectively, relationships 
between local and radial axes can be expressed as
T = x cos(9-p) + z sin(0-p)
M = y - (A3.1)
N = -x sin(9-p) + z cos(9-p)
For the rectangular element, the angle p has value p^ for 
side 1,2, and P 2 for side 3,4.
Applying 3 further rotation in the Y-Z plane, as shown in 
fig. A3.2, and again considering a radial axis system, we obtain
T* = T
M ' = M cos(cx — X) -  N sin(oc— X) -(A3.2)
N* = M sin(cx-X) + N cos(cx-X)
where the angle X has value X^ for element side 1,3, and X2 for side 
2,4.
For a rectangular element arbitrarily oriented in space, the 
transformation of local co-ordinate axes to a global radial axis 
system is given by eqns. A3.1 and A3.2 as
T' Cl 0 SI X
M' = S1S2 C2 -C1S2 y
N' -SIC 2 S2 C1C2 z
-(A3.3)
where
Cl = cos(9 - p)
C2 = cos (oc - l )
51 = sin(0 - p) -(A3.4)
52 = sin (cx- l)
From equation A3.3 we obtain the relationships
W = -u cos £ sin rj + v sin £ + w cos £ cos r|
x = T' cos r| + M' sin rj sin £ - N' sin rj cos £
-(A3.5)
y = M' cos £ + N' sin £
z = T* sin r| - M' cos £ sin rj + N' cos r| cos £
where
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£ = (cx- l)
rj = (9 - p) -(A3.6)
and u, v, w are displacements in the local x, y, z directions 
respectively, and W is a displacement in the N' direction.
The transformation of element rotations is achieved by 
differentiating eqns. A3.5, and assuming small values of £ and rj, 
becomes
à w = àw cos^ rj cos £
ÔT' Ôx
à w = àw c o s2 £ cos rj
ÔM' à y
= à ^  c o s2 rj c o s2 £
ÔT* ÔM* àx ày
0N' = àw s i n  n cos £ - àw s i n  £
à Y à x
294
By use of a transformation matrix {T}, the 24 degree-of-freedom 
rectangular finite element given in Appendix 2 can be transformed 
into an element suited to the analysis of shell structures. The 
transformation matrix {T}, as defined by eqns. A3.3 and A3.7, is
u u
V V
w w
W, rpi = {T} W,x
w,m ,'nr W,y
W, rpfMf W,Xy
0N'
where
-(A3.8)
{T} =
Cl 0 SI 0 0 0
SIS 2 C2 -C1S2 0 0 0
-SIC 2 S2 C1C2 0 0 0
0 0 0 C12C2 0 0
0 0 0 C3 C1C22 0
0 0 0 0 0 C12C2
0 0 0 -S2 -C2S1 0
and C3 = C1*C2*S1*S2
In the derivation of the transformation matrix {T} it has 
been assumed that element sides 1,3 and 2,4 remain parallel, and 
rotation angles (9 - p) and (oc-$) are small. Restrictions imposed 
on the rotation angles has allowed second order terms in {T} to be 
neglected. For the analysis of thin shell structures, such 
restrictions on the angles of rotation are necessary to retain 
accuracy when the above transformation matrix is used in conjunction 
with the rectangular element described in Appendix 2.
On transforming the local co-ordinate axes to a global radial 
system, there is developed an interaction between in-plane and 
out-of-plane displacements, and rotations. For the element given in 
Appendix 2, incompatibilities exist between shape functions defining 
in-plane and out-of-plane displacements, the latter being
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mathematically of higher order. The accuracy o f a 'fa ce t ' shell 
element is governed in good measure by the flexural component. With 
rotation angles (9-p) and (cx— jj) kept small, errors arising from 
interactions between the incompatible in-plane and out-of-plane 
displacements are kept small, and the accuracy o f the plate element 
maintained.
For axisyrnmetric shells the adoption o f a radial axis system 
w ill ensure that rotation angles (9-p) and (oc-$) are kept small. 
Boundary conditions o f axisyrnmetric shells are also more easily  
specified with a radial axis system than with set o f rectangular 
co-ordinate axes, an important consideration in shell analyses 
taking advantage o f symmetry.
A shell element well suited to the analysis o f cylindrical 
structures is  generated on transformation of the rectangular element 
given in Appendix 2 with the matrix { T } . In the analysis o f doubly 
curved shells using fla t  rectangular elements an additional 
approximation is  introduced. For axisynmetric sh e lls , a meridional 
strip  is best represented by elements o f trapezoidal form, but such 
a surface can be approximated by an assemblage o f rectangular 
elements, this becoming a true representation in the lim it. When 
using rectangular elements incom patibilities along element sides are 
ignored, and the axes o f symmetry are used to specify element 
dimensions. In using the rectangular element given in Appendix 2 and 
the transformation matrix {T} for the analysis o f doubly curved 
shells , errors w ill be kept small when the rotation angles (9-p) and 
(cx -  &) are small.
The transformation matrix {T} given by eqn. A3.8 is well 
suited to shells having continuous curvature. For shells with abrupt 
changes in curvature, as typical o f rectangular bins, the number o f 
degrees o f freedom per element needs to be expanded, and second 
order terms in the transformation matrix retained. In the analysis 
o f shells having abrupt curvature changes, the author recommends the 
use o f a more sophisticated membrane element.
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FIG. A3.1 ELEMENT ROTATED THROUGH AN
ANGLE 0 IN THE X-Z PLANE
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FIG .A3.2 ELEMENT ROTATED THROUGH AN 
ANGLE ex IN THE Y-Z PLANE
